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d, with respect to which we suppose that (M, d) be complete. We assume that M is also 
■ equipped with another first-order differential bilinear form and we assume that F and 

satisfy the LIvpothesis ll.il [1.21 and 1 1.41 below. With these forms we introduce in 1)1. 12[) below a 
r ^ , generalization of the curvature-dimension inequality from Riemannian geometry, see Definition 

• 11.31 In our main results we prove that, using solely (|1.12p . one can develop a theory which 

(— H ' parallels the celebrated works of Yau, and Li-Yau on complete manifolds with Ricci curvature 

. bounded from below. We also obtain an analogue of the Bonnet-Myers theorem. In Section 

I ■ [2] we construct large classes of sub-Riemannian manifolds with transverse symmetries which 

' satisfy the generalized curvature-dimension inequality (|1.12p . Such classes include all Sasakian 

manifolds whose horizontal Webster- Tanaka-Ricci curvature is bounded from below, all Carnot 
groups with step two, and wide subclasses of principal bundles over Riemannian manifolds whose 
^ , Ricci curvature is bounded from below. 
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1. Introduction 

In the present paper we introduce a generalization of the curvature-dimension inequahty from 
Riemannian geometry which, as we show, is appropriate for some sub-Riemannian geometries. 
The central objective of our work is developing a program which, through a systematic use of 
such curvature-dimension inequality, connects the geometry of the ambient manifold, expressed 
in terms of lower bounds on a generalization of the Ricci tensor, to global properties of solutions 
of a certain canonical second order diffusion (non elliptic) partial differential operator, a sub- 
Laplacian, and of its associated heat semigroup. 

In Riemannian geometry the Ricci tensor plays a fundamental role. Its connection with the 
Laplace-Beltrami operator is provided by the celebrated identity of Bochner which states that 
if M is a n-dimensional Riemannian manifold with Laplacian A, for any / E C°^(M) one has 

(1.1) A(|V/|2) = 2||V2/||' + 2 < V/,V(A/) > +2Ric(V/,V/). 
Consider the following differential forms on functions f,g& C°° (M) , 

r{f,g) = ^{A{fg) - fAg - gAf) = {Vf,Vg), 

and 

r2(/, g) = ^ [ATif, g) - r(/, Ag) - V{g, A/)] . 

When f = g, we simply write r(/) = r(/, /), r2(/) = T2{f, /). The functional calculus of these 
forms was introduced and developed in [8]. As an application of the Bochner's formula, which 
in terms of these functionals can be reformulated as 

Ar(/) = 2| I VVl I' + 2r(/, A/) + 2 Ric(V/, V/) , 

one obtains 

r2(/) = ||V2/||2+Ric(V/,V/). 

Using the Cauchy-Schwarz inequality, which gives ||V^/||2 > -(A/)^, we thus see that the 
assumption that the Riemannian Ricci tensor on M be bounded from below by pi S M implies 
the so-called curvature- dimension inequality CD{pi,n): 

(1.2) T2{f)>-{Aff + piT{f), /gC°°(M). 

n 

In the hands of D. Bakry, M. Ledoux and their co-authors the inequality (jl.2p has proven a pow- 
erful tool in combination with a systematic use of fine properties of the heat semigroup. Among 
other things, these authors have succeeded in re-deriving, from a purely analytical perspective, 
several of the well-known fundamental results which, in Riemannian geometry, are obtained 
under the assumption that the Ricci curvature be bounded from below, see for instance [5], [9] 
[36], [39]. It is remarkable that the curvature dimension inequality (jl.2p perfectly captures the 
notion of Ricci curvature lower bound. It was in fact proved by Bakry in Proposition 6.2 in [5] 
that: on a n-dimensional Riemannian manifold M the inequality CT>{pi,n) implies Ric > pi. 
In conclusion, Ric> pi <;=^ CD{pi,n). 

Inspired by the ideas contained in the above mentioned works, in the present paper we intro- 
duce a generalization of the curvature-dimension inequality (|1.2p which can be successfully used 
in sub-Riemannian geometry. At this point, we feel it is important to say few words concerning 
the organization of the paper. The essential contribution of the present work is based on ideas 
and tools which are purely analytical in nature: as we have mentioned above, we systematically 
use the heat semigroup to derive new results in sub-Riemannian geometry. On the other hand, 
an equally important aspect of the present work is the construction of the examples from ge- 
ometry: as the title indicates, the main class studied in this paper is that of sub-Riemannian 
manifolds with transverse symmetries. We show that such class is quite large, as it incorporates 
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(but is not limited to) examples which are geometrically as diverse as CR manifolds with van- 
ishing Tanaka- Webster torsion (Sasakian manifolds), graded nilpotent Lie groups of step two, 
orthonormal frame bundles. To facilitate the perusal of this paper by an audience of analysts 
we have strived as much as possible to separate the presentation of the analytical part of our 
work from the geometrical discussion of the examples. With this objective in mind, we have 
chosen to present the analytical part of the paper in an axiomatic way. By this we mean that 
all that is asked to a reader less inclined toward geometry is to accept a set of four "abstract" 
assumptions, which are listed as Hvpothesis II. H 11.21 Definition 11.31 and Hypothesis 11.41 below. 
The geometrical relevance, and the motivation, of such assumptions is unraveled in Section [21 
where we discuss the examples and we develop the geometric setup. 

With this being said, we now introduce the relevant setting. We consider a smooth, connected 
manifold M endowed with a smooth measure fi and a smooth second-order diffusion operator 
L with real coefficients satisfying LI = 0, and which is symmetric with respect to fj, and non- 
positive. By this we mean that 

(1.3) [ fLgdfi= [ gLfdfi, [ fLfdfi<0, 

Jm Jm Jm 

for every f,g£ C^(M). We make the technical assumption that L be locally subelliptic in the 
sense of |25j. We associate with L the following symmetric, first-order, differential bilinear form: 

(1.4) T{f,g) = ^{Lifg)-fLg-gLf), G C-(M). 

The expression r(/) = r(/, /) is known as le carre du champ. Furthermore, using the results in 
[45j . locally in the neighborhood of every point x G M we can write 

m 

(1.5) L = -^x;x„ 

i=l 

where the vector fields Xi are Lipschitz continuous (such representation is not unique, but this 
fact is of no consequence for us). Therefore, for any x E M there exists an open neighborhood 
Ux such that for any / G C°^(M) we have in Ux 

m 

(1-6) r(/) = Y^ixjf. 

i=l 

This shows that r(/) > and it actually only involves differentiation of order one. Furthermore, 
as it is clear from (jl.4p . the value of r(/)(x) does not depend on the particular representation 
(fT3]) of L. 

With the operator L we can also associate a canonical distance: 

(1.7) d(x,y) =sup{|/(x)-/(y)| I /EC7°°(M),||r(/)|U < 1}, x,yEM, 

where for a function g on M we have let H^Hoo = esssupli^j. A tangent vector v E T^jM is called 

M 

subunit for L at x if v = Yl^i Oj^j(a^), with Yl^i — l25\. It turns out that the notion 

of subunit vector for L at x does not depend on the local representation (II. 5p of L. A Lipschitz 
path 7 : [0, r] — )• M is called subunit for L if j'(t) is subunit for L at 7(t) for a.e. t E [0, T]. We 
then define the subunit length of 7 as isil) = T. Given x,y £ M, we indicate with 

S{x,y) = {7 : [0,r] ^ M I 7 is subunit for L,7(0) = x, -f{T) = y}. 

In this paper we assume that 

S{x, y) / 0, for every x, y E M. 
Under such assumption it is easy to verify that 

(1.8) 4(x,2/)=inf{4(7)l7G^(2;,2/)}, 
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defines a true distance on M. Furthermore, thanks to Lemma 5.43 in we know that 

d{x,y) = ds{x,y), x,yeM, 

hence we can work indiff'erently with either one of the distances d or dg. Throughout this paper 
we assume that the metric space (M, d) be complete. 

We also suppose that there exists on M a symmetric, first-order differential bilinear form 
: C°°(M) X C°^(M) ^ M, satisfying 

(1.9) r^ifg, h) = fT^ig, h) + gV^U, h). 

In particular, we have r^(l) = 0, where, as for F, we have set r^(/) = T^{f,f). We assume 
that r^(/) > 0. 

We will work with four general assumptions. The former three will be listed as Hypothesis 
II. H 11.21 and Definition 11.31 the fourth one will be introduced in Hvpothesis 11.41 below. 

Hypothesis 1.1. There exists an increasing sequence hk S C(f^(M) such that hk 1 on M, 
and 

||r(/ifc)||oo + ||r^(/ifc)||oo ^0, ask^oo. 

We will also assume that the following commutation relation be satisfied. 
Hypothesis 1.2. For any f G C°^(M) one has 

r(/,r^(/)) = r^(/,r(/)). 

Let us notice explicitly that when M is a Riemannian manifold, fi is the Riemannian volume 
on M, and L = A, then d{x, y) in (II. 7p is equal to the Riemannian distance on M. In this 
situation if we take = 0, then Hypothesis II. H 11.21 are fulfilled. In fact, Hypothesis 11.21 is 
trivially satisfied, whereas Hypothesis 11.11 is equivalent to assuming that (M, d) be a complete 
metric space, which we are assuming anyhow. More generally, in all the examples of Section 
[2j Hypothesis 11.11 is equivalent to assuming that (M, d) be a complete metric space (the reason 
is that in those examples T + is the carre du champ of the Laplace-Beltrami operator of 
a Riemannian structure whose completeness is equivalent to the completeness of (M, d)). On 
the other hand. Hypothesis 11.21 is also verified as a consequence of the assumptions about the 
existence of transverse symmetries that we make. 

Before we proceed with the discussion, we pause to stress that, in the generality in which 
we work the bilinear differential form F^, unlike F, is not a priori canonical. Whereas F is 
determined once L is assigned, the form F^ in general is not intrinsically associated with L. 
However, in the geometric examples described in this paper (for this see the discussion below 
and Section [2]) the choice of F^ will be natural and even canonical, up to a constant. This is the 
case, for instance, of the important example of CR Sasakian manifolds. The reader should think 
of F^ as an orthogonal complement of F: the bilinear form F represents the square of the length 
of the gradient in the horizontal directions, whereas F^ represents the square of the length of 
the gradient along the vertical directions. 

Given the sub-Laplacian L and the first-order bilinear forms F and F^ on M, we now introduce 
the following second-order differential forms: 

(1.10) T2{f,g) = ^[LT{f,g)-r{f,Lg)-T{g,Lf)], 

(1.11) rf (/, g) = ^ [LT^if, g) - T^f, Lg) - V^g, Lf)] . 

Observe that if = 0, then F^ = as well. As for F and F^, we will use the notations 

r2(/) = r2(/,/),Ff(/) = Ff (/,/). 

We are ready to introduce the central character of our paper, a generalization of the above 
mentioned curvature-dimension inequality (jl.2p . 
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Definition 1.3. We shall say that M satisfies the generalized curvature-dimension inequality 
CD{pi, p2, K,d) with respect to L and if there exist constants pi G M, p2 > 0, k > 0, and 
< d < oo such that the inequality 

(1.12) r2(/) + vvlu) > -^{Lff + (pi - ^) r(/) + p2T\f) 

hold for every f G C°^(M) and every ly > 0. 

It is worth observing explicitly that if in Definition 11.31 we choose L = A, = 0, d = n = 
dim(M), and k = 0, we obtain the Riemannian curvature-dimension inequality CD{pi,n) in (ll.2p 
above. Thus, the case of Riemannian manifolds is trivially encompassed by Definition 11.31 We 
also remark that, changing into aV^ , where a > 0, changes the inequality CD(/>i, /)2, k, d) into 
CT){pi^ap2-,aK,d). We express this fact by saying that the quantity ^ is intrinsic. Hereafter, 
when we say that M satisfies the curvature dimension inequality CD(pi, y02, (i) (with respect 
to L and T^), we will routinely avoid repeating at each occurrence the sentence "for some 
P2 > 0, K > and d > 0". Instead, we will explicitly mention whether pi = 0, or > 0, or 
simply pi G M. The reason for this is that the parameter pi in the inequality (11.12P has a 
special relevance since, in the geometric examples in Section [21 it represents the lower bound 
on a sub-Riemannian generalization of the Ricci tensor. Thus, pi = is, in our framework, the 
counterpart of the Riemannian Ric > 0, whereas when /?i > (< 0), we are dealing with the 
counterpart of the case Ric > (Ric bounded from below by a negative constant). 

Since, as we have stressed above, we wish to present our results in an axiomatic way, we 
will also need the following assumption which is necessary to rigorously justify computations 
on functionals of the heat semigroup. Hereafter, we will denote by Pt = e*^ the semigroup 
generated by the diffusion operator L, see the discussion below, and Section HI 

Hypothesis 1.4. The semigroup Pt is stochastically complete that is, for t > 0, Ptl = 1 and 

for every f G C^(M) and T > 0, one has 

sup \\r{Ptf)\\oo + ||r^(PJ)||oo < +00. 

te[o,T] 

In the Riemannian setting (L = A and = 0), Hypothesis 11.41 is satisfied if one assumes 
the lower bound Ricci > p, for some /> G M. This can be derived from the paper by Yau |56j 
and Bakry's note [4j. It thus follows that, in the Riemannian case, the Hvpothesis 11.41 is not 
needed since it can be derived as a consequence of the curvature-dimension inequality CD(pi, n) 
in (jl.2p above. In this paper we will prove that, more generally, this situation occurs in the 
sub-Riemannian setting of our work. As a consequence of the results in Section [2] below, in 
Theorem 14.31 we prove that, in every sub-Riemannian manifold with transverse symmetries of 
Yang- Mills type (for the relevant definitions see Sections [2] and 3 below), the Hypothesis 11.41 
is not needed since it follows (in a non-trivial way) from the generalized curvature-dimension 
inequality CD(pi, /02, k, d) in Definition 11.31 above. 

In this connection it is worth observing that, even in the abstract framework of the present 
work, if we assume that = 0, then the Hypothesis 11.41 becomes redundant since it can be 
actually obtained a consequence of CD(/3i,n). This can be seen from the results in Chapter 
5 of [SJ- Whether it is possible to generalize this fact to the genuinely non- Riemannian situa- 
tion of 7^ 0, we must leave to a future study. Concerning our axiomatic presentation, we 
finally mention that, had we chosen to do so, we could have developed our results in an even 
more abstract setting, as Bakry and Ledoux often do in their works. We could have worked 
with abstract Markov diffusion generators on measure spaces and replaced Hypothesis 11.11 and 
Hvpothesis 11.41 with the existence of a nice algebra of functions which is dense in the domain of 
L (see Definition 2.4.2 in [3j for the precise properties that should be satisfied by this algebra 
when = 0) . However assuming the existence of such algebra is a strong assumption that may 
be difficult to verify in some concrete situations. 
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The above discussion prompts us to underline the distinctive aspect of the theory developed 
in the present paper: for the class of complete sub-Riemannian manifolds with transverse sym- 
metries of Yang-Mills type that we study in Section 3, all our results are solely deduced from the 
curvature- dimension inequality CD{pi, p2, n,d) in ()1.12p . 

To introduce our results we recall that in their celebrated work |38] Li and Yau, generalizing 
to the heat equation some fundamental works of Yau, see for instance [55], obtained various a 
priori gradient bounds for positive solutions of the heat equation on a complete n-dimensional 
Riemannian manifold M. When Ric > the Li- Yau inequality states that if tt > is a solution 
of Aii - = in M X (0, oo), then 

(L13) 

^ ^ u - 2t 

Notice that in the flat M" the Gauss- Weierstrass kernel u{x, t) = (47rt)~"/^ exp(— |xp/4t) satisfies 
(|1.13p with equality. The inequality (|1.13|) was the central tool for obtaining a scale invariant 
Harnack inequality for the heat equation and optimal off-diagonal upper bounds for the heat 
kernel on M, see Corollary 3.1 and Theorem 4.1 in |38] . The proof of (|1.13|) hinges crucially on 
Bochner's identity (II. ip above, and on the Laplacian comparison theorem which, for a manifold 
with Ric > 0, states that, given a base point xq G M, and denoted with p{x) the Riemannian 
distance from x to xq, then 

n — 1 

(1.14) Ap{x) < 

p{x) 

outside of the cut-locus of xq (and globally in P'(M)). As it is well-known, see for instance 
[19j, the proof of (jl.l4p exploits the theory of Jacobi fields. In sub-Riemannian geometry the 
exponential map is not a local diffeomorphism. As a consequence of this obstacle, a general 
sub-Riemannian comparison theorem such as ()1.14p presently represents terra incognita. 

One of the main trust of the present work is that, despite such obstructions, we have succeeded 
in establishing a sub-Riemannian generalization of the Li- Yau inequalities. In our approach, we 
completely avoid those tools from geometry that appear typically Riemannian, and instead base 
our analysis on a systematic use of some entropic inequalities for the heat semigroup that are 
inspired by the works 0, [10], [12], and which, as we have stressed above, in the geometric 
framework of this paper we solely derive from our generalized curvature-dimension inequality 
CD(pi,p2,K,d) in (Hil. 

More precisely, let Pt = e*^ indicate the heat semigroup on M associated with the operator 
L. It is well-known that Pt is sub-Markovian, i.e., Pfl < 1, and it has a positive and symmetric 
kernel p{x,y,t). If / G C^(M) the function 



u{x,t) = Ptf{x) = / p{x,y,t)f{y)dn{y), 
Jm 

solves the Cauchy problem 

(^-Lu = 0, inMx(0,oo), 
[u{x,0) = f{x), xGM. 

For fixed x G M and T > we introduce the functionals 

$i(t) = Pt {{PT-t f )r {In Pr^tf)) (x), 

<^2{t) = Pt ((PT-t/)r^(lnPT-t/)) {x), 
which are defined for < t < T. The fundamental observation is that, in our framework, the 
inequality CT>{pi, p2, K,d) in ()1.12p leads to the following differential inequality 

(1.15) _ $, + 6cD2 >--r-^LPTf + -^PTf, 

V 2p2 / ap2 dp2 
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where b is any smooth, positive and decreasing function on the time interval [0, T] and 

d fh" K b' 

Depending on the value of pi, a good choice of the function b leads to a generalized Li-Yau type 
inequality, see Theorem 16.11 below. In the special case pi = (i.e., our Ric > 0), the latter 
becomes 

(1.16) r(lnPJ) + %^tr^(lnP,/)<(l + |^)^+ ^ 



3 ^ - y 2p2) Ptf 2t 

for every sufficiently nice function / > on M. In the Riemannian case, when = 0, and 
K = 0, the inequality ()1.16p is precisely the Li-Yau inequality (11.130 . except that our inequality 
holds for positive solutions of the heat equation of the type u = Ptf, i.e., they arise from an 
initial datum /, whereas in the original Li-Yau inequality ()1.13p such limitation is not present. 

It is worth emphasizing at this point that, even in the Riemannian case, our approach, based 
on a systematic use of the entropic inequality (11.150 above, provides a new and elementary 
proof of several fundamental results for complete manifolds with Ric > 0. In this framework, in 
fact, besides the already mentioned Li-Yau gradient estimates, with the ensuing scale invariant 
Harnack inequality and the Liouville theorem of Yau, see [55], we also obtain an elementary proof 
of the fundamental monotonicity of Perelman's entropy for the heat equation, see [44j, and of 
the volume doubling property on Riemannian manifolds (for the statement of this classical result 
see for instance [E]). For these aspects we refer the reader to the recent note [Hj. The reader 
more oriented toward analysis and pde's might in fact find somewhat surprising that we can 
develop the whole local regularity theory for solutions of the relevant heat equation starting from 
a global object such as the heat semigroup. By this we mean that, at the end of our process, we 
are able to replace the functions Ptf in (jl.l6p with any positive solution u of the heat equation. 
This in a sense reverses the way one normally proceeds, starting from local solutions, and then 
moving from local to global. 

We are now ready to provide a brief account of our main results. 

1) Li-Yau type inequalities (Theorem 16. ip : assume Hvpothesis 11.11 1 1.21 and 11.41 hold. If M 
satisfies CD{pi, p2, K,d) in UfLm with pi G M, then for any / G C^(M), / > 0, / / 0, 
the following inequality holds for t > 0: 

r(lnPJ) + ^tr^(lnPJ) 



< ( 1 + ^ _ ^t] W , dpl^ dp, ('i I /(^ + ^) 



2 



2p2 3 J Ptf 6 2 \ 2p2j 2t 

2) Scale-invariant parabolic Harnack inequality (Theorem 17. ip : assume Hypothesis II. 1) 
11.21 and II. 4[ If M satisfies CD(/9i, p2, d) with pi > 0, then for every {x,s),{y,t) E 
M X (0, oo) with s <t one has 

R 

2 /Dd{x,yy 



u{x,s) < u{y,t) I - exp 



d A{t-i 

with u{x,t) = Ptf{x), and / E C°°(M) such that / > and bounded. The number 
D > 0, which solely depends on p2, and d, is defined in (j6.2p below. 
3) Off-diagonal Gaussian upper bounds (Theorem lS.ip : assume Hvpothesis ll.il [L2] and [L^ 
If M satisfies CD{pi, p2, k, d) with pi > 0, then for any < e < 1 there exists a constant 
C(p2) 1^, d, e) > 0, which tends to oo as e — )• 0"^, such that for every x, y E M and t > 
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one has 



C{p2, K, d, e) 



exp 



(4 + e)t 



) 



4) Liouville type theorem (Theorem 19. '2p : assume Hypothesis 1 1 . H \T72\ and \TM If M satisfies 
CD{pi, p2, K, d) with pi > 0, then there exists no entire bounded solution of Lf = 0. 

5) Bonnet-Myers type theorem (Theorem 110. ID : assume Hypothesis ll-H 1 1.21 11.41 and sup- 
pose that M satisfy CD{pi, p2, K,d) with pi > 0. Then, the metric space (M, d) is 
compact in the metric topology, and we have 



Concerning the sub-Riemannian Bonnet-Myers theorem in 5) we emphasize that, similarly to 
the Laplacian comparison theorem (jl.l4p . the proof of its classical Riemannian predecessor is 
based on the theory of Jacobi fields. Our proof of Theorem 110.11 is, instead, purely analytical 
and exploits in a subtle way some sharp entropic inequalities which, in the case pi > 0, we are 
able to derive from the inequality CD(/?i, /)2, K,d) in (I1.12p . 

Having presented the main results of the paper, we now turn to the fundamental question of 
the examples. This aspect is dealt with in Section^ which is devoted to constructing large classes 
of sub-Riemannian manifolds to which our general results apply. We begin with a discussion 
in Section 12.21 of a class of Lie groups which carry a natural CR structure, and which, in our 
framework, are the 3-dimensional sub-Riemannian CR Sasakian model spaces with constant 
curvature (see Hughen [33j for a precise meaning of the notion of model spaces). Entropic 
inequalities on such model spaces were studied in [7], and these inequalities constituted a first 
motivation for our theory. 

Given a pi G M we consider a Lie group G{pi) whose Lie algebra g admits a basis of generators 
X, Y, Z satisfying the commutation relations 



The group G{pi) can be endowed with a natural CR structure 9 with respect to which the 
Reeb vector field is given by —Z. A sub-Laplacian on G(pi) with respect to such structure is 
thus given by L = X"^ + Y^. The pseudo-hermitian Tanaka- Webster torsion of G{pi) vanishes 
(see Definition 12.231 below) . and thus {G{pi),6) is a Sasakian manifold. In the smooth manifold 
M = G{pi) with sub-Laplacian L we introduce the differential forms F and defined by 



These forms satisfy the Hypothesis (II. ip . (II. 2p . It is worth observing that, since —Z is the Reeb 
vector field of the CR structure 6, then the above choice of is canonical. It is also worth 
remarking at this point that for the CR manifold {G{pi),9) the Tanaka- Webster horizontal 
sectional curvature is constant and equals pi. Having noted these facts, in Section [2.21 we prove 
the following proposition. 

Proposition 1.5. The sub-Laplacian L on the Lie group G{pi) satisfies the generalized curvature- 
dimension inequality CD(/9i, i, 1, 2). 



The relevance of the model space G{pi) is illustrated by the Lie groups: 

(i) SU(2); 

(ii) the "fiat" Heisenberg group H^; 

(iii) SL(2,M). 

In Section [2. 2 1 we note that the Lie groups (i)-(iii) are special instances of the model CR manifold 
G{pi) corresponding, respectively, to the cases pi = 1, pi = and pi = —1. 




[X,Y] = Z, [X,Z] 



piY, [Y,Z] = p^X. 



F{f,g)=XfXg + YfYg, 



F^{f,g) = ZfZg. 
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After introducing these motivating examples, in Section 12.31 we turn our attention to the 
construction of a large class of manifolds carrying a natural sub-Riemannian structure for 
which our generalized curvature-dimension inequality (jl.l2p holds. As a consequence, in these 
spaces all the above mentioned results l)-6) are valid as well. Let M be a smooth, connected 
manifold equipped with a bracket generating distribution Ti of dimension d and a fiberwise inner 
product g onTi. The distribution Ti will be referred to as the set of horizontal directions. 

We indicate with iso the finite-dimensional Lie algebra of all sub-Riemannian Killing vector 
fields on M. It is readily seen that Z G iso if and only if: 

(1) For every x G M, and any u,v £ Czg{u,v) = 0; 

(2) IfX Gn, then [Z,X] G Ti. 

In (1) we have denoted by Czg the Lie derivative of g with respect to Z. Our main geometric 
assumption is the following: 

Hypothesis 1.6. There exists a Lie sub-algebra V C iso, such that for every x € M, 

TM = 'H{x)®V{x). 

The distribution of transverse symmetries V will be referred to as the set of vertical directions. 
The dimension of V will be denoted by [} . 

The horizontal distribution Ti with its fiberwise inner product g, plus the vertical distribution 
V are the essential data of the construction in Section 12.31 By this we mean that the relevant 
geometric objects that we introduce, namely the sub-Laplacian, the canonical connection V and 
the tensor TZ, respectively defined in Section 12.3.11 and equation (12.130 in Definition 12.151 below, 
solely depend on (T-L, g) and V, but not on the choice of an inner product on V. As a consequence, 
in those situations in which the choice of V is canonical, then our analysis will depend only on 
the choice of {T-L,g). This is the case, for instance, of the basic example of Sasakian manifolds. 

Our ultimate objective in Section 12.31 is proving that the smooth manifold M, with a given 
sub-Riemannian geometry {H, g) and a vertical distribution of transverse symmetries V, satisfies 
a generalized curvature-dimension inequality such as (11.121) as soon as some intrinsic geometric 
conditions are satisfied. To achieve this objective we find it expedient introducing in Section 
12. 3.11 a canonical connection V. By means of such connection we define in Definition 12. 151 a gen- 
eralization of the Riemannian Ricci tensor, which we denote by TZ. In Theorem l2.18l we prove two 
Bochner identities which intertwine the tensor IZ with the forms T and . With such Bochner 
identities in hand in Theorem 12.191 we finally show that, under the geometric assumptions in 
(j2.26p . the manifold M satisfies the generalized curvature-dimension inequality CD{pi, p2, n,d). 
In Proposition 12.201 we prove that, remarkably, the generalized curvature-dimension inequal- 
ity implies the geometric bounds (j2.26p . and therefore: on any sub-Riemannian manifold with 
transverse symmetries we have CD{pi, p2, n, d) <^=^ (|2.26p . 

The remaining part of Section [2] is devoted to presenting some basic examples of manifolds 
which fall within the geometric framework of Section 12.31 In Section 12.41 we prove that all 
Carnot groups of step two satisfy the curvature-dimension inequality CD{0, p2, d), for some 
appropriate values of p2 and k, see Proposition 12.211 Here, d indicates the dimension of the 
bracket-generating layer of their Lie algebra. This result shows, in particular, that in our 
framework all Carnot groups of step two are sub-Riemannian manifolds of nonnegative Ricci 
tensor, since pi = 0. In Section 12.51 we analyze another important class of manifolds which 
falls within the scope of our work, namely Sasakian manifolds endowed with their CR sub- 
Laplacian. These are CR manifolds of real hypersurface type for which the Tanaka- Webster 
pseudo-hermitian torsion vanishes in an appropriate sense. Concerning Sasakian manifolds we 
prove the following basic result. 

Theorem 1.7. Let {M.,6) be a complete CR manifold with real dimension 2n + l and vanishing 
Tanaka- Webster torsion, i.e., a Sasakian manifold. If for every x G M the Tanaka- Webster 
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Ricci tensor satisfies the bound 

Ric2,(f,'t;) > pil^P, 

for every horizontal vector v £ H.^, then, for the CR sub-Laplacian o/M the curvature- dimension 
inequality CD{pi, |, 1, d) holds, with d = 2n and the Hypothesis and \1.4\ are satisfied.. 

Thanks to this result, the above hsted results l)-5) are valid for all Sasakian manifolds. 

We close this introduction by mentioning that, for general metric measure spaces, a different 
notion of lower bounds on the Ricci tensor based on the theory of optimal transport has been 
recently proposed independently by Sturm [53], [54|, and by Lott-Villani [40], see also the paper 
by Ollivier [43]. However, as pointed out by Juillet in [34], the remarkable theory developed 
in these papers does not appear to be suited for sub-Riemannian manifolds. For instance, in 
this theory the flat Heisenberg group has curvature = — oo. In their preprint [2] Agrachev 
and Lee have used a notion of Ricci tensor, denoted by IHic, which was introduced by the first 
author in [T]. They study three-dimensional contact manifolds and, under the assumption that 
the manifold be Sasakian, they prove that a lower bound on IHic implies the so-called measure- 
contraction property. In particular, when £Hic > 0, then the manifold M satisfies a global 
volume growth similar to the Riemannian Bishop-Gromov theorem. An analysis shows that, 
interestingly, our notion of Ricci tensor coincides, up to a scaling factor, with theirs. 

We also mention that for three-dimensional contact manifolds, the sub-Riemannian geometric 
invariants were computed by Hughen in his unpublished Ph.D. dissertation, see [33]. In partic- 
ular, with his notations, the CR Sasakian structure corresponds to the case af + = and, up 
to a scaling factor, his K is the Tanaka- Webster Ricci curvature. In such respect, the Bonnet- 
Myers type theorem obtained by Hughen (Proposition 3.5 in [33j) is the exact analogue (with a 
better constant) of our Theorem 110.11 applied to the case of three-dimensional Sasakian man- 
ifolds. Let us finally mention that a Bonnet- Myers type theorem on general three-dimensional 
CR manifolds was first obtained by Rumin in [39] . The methods of Rumin and Hughen are close 
as they both rely on the analysis of the second-variation formula for sub-Riemannian geodesies. 

Acknowledgments: The authors would like to thank F.Y. Wang for pointing to our attention 
an oversight in a previous version of the paper. His constructive criticism has led us to improve 
the presentation and also add new results. 

2. Examples 

In this section we present several classes of sub-Riemannian spaces satisfying the general- 
ized curvature-dimension inequality in Definition 11.31 These examples constitute the central 
motivation of the present work. 

2.1. Riemannian manifolds. As we have mentioned in the introduction, when M is a n- 
dimensional complete Riemannian manifold with Riemannian distance dn, Levi-Civita connec- 
tion V and Laplace-Beltrami operator A, our main assumptions hold trivially. It suffices in fact 
to choose = to satisfy Hypothesis 11.21 in a trivial fashion. Hypothesis 11.11 is also satisfied 
since it is equivalent to assuming that (M, dji) be complete, see [30] (observe in passing that 
the distance (jl.7p coincides with dn). Finally, with the choice k = the curvature-dimension 
inequality (jl.l2p reduces to (jl.2p . which, as we have shown, is implied by (and it is in fact 
equivalent to) the assumption Ric > pi. 

2.2. The three-dimensional Sasakian models. The purpose of this section is providing a 
first basic sub-Riemannian example which fits the framework of the present paper. This example 
was first studied in [7]. Given a number pi G M, suppose that G(pi) be a three-dimensional Lie 
group whose Lie algebra g has a basis {X, Y, Z} satisfying: 
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(i) [x,y] = z, 

(ii) [X,Z] = -piY, 

(iii) [y, z] = p,x. 

A sub-Laplacian on G(pi) is the left-invariant, second-order differential operator 

(2.1) L = X^ + Y^. 

In view of (i)-(iii) Hormander's theorem, see [32j, implies that L be hypoelliptic, although it 
fails to be elliptic at every point of G{pi). From ()1.4p we find in the present situation 

r(/) = liHf) - VLf) = {xff + {Yff. 

If we define 

T^{f,g) = ZfZg, 

then from (i)-(iii) we easily verify that 

r(/,r^(/)) = r^(/,r(/)). 

We conclude that the Hypothesis 11.21 is satisfied. It is not difficult to show that the Hypothesis 
[LDis also fulfilled. 

Using (i)-(iii) we leave it to the reader to verify that 

(2.2) [L,Z] = 0. 
By means of (j2.2p we easily find 

rf (/) = \L{T^{f)) - T^U, Lf) = Zf[L, Z]f + {XZff + {Y Z ff 

= [XZff + {YZff. 
Finally, from definition (jl.lOp and from (i)-(iii) we obtain 

T2{f) = \L{T{f))-T{f,Lf) 

= piT{f) + {X^ff + {YXff + (XYff + (y2/)2 
+ 2Yf{XZf)-2Xf{YZf). 

We now notice that 

{X^ff + {YXff + (XYff + {Y^ff = WVlfW^ + V(/), 
where we have denoted by 

V72f_( l{XYf + YXf)\ 

\\{XYf + YXf) Y^f J 

the symmetrized Hessian of / with respect to the horizontal distribution generated by X,Y. 
Substituting this information in the above formula we find 

r2(/) = ||V|,/||2 + p,T{f) + ir^(/) + 2{YfiXZf) - XfiYZf)). 

By the above expression for Ff (/), using Cauchy-Schwarz inequality, we obtain for every u > 

\2Yf{XZf) - 2Xf{YZf)\ < lyTlif) + -F(/). 

Similarly, one easily recognizes that 

l|V|,/||^>^(L/)^ 

Combining these inequalities, we conclude that we have proved the following result. 
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Proposition 2.1. For every G M the Lie group G{pi), with the sub-Laplacian L in (|2.ip . 
satisfies the generalized curvature dimension inequality CD(/9i, ^, 1, 2). Precisely, for every f E 
C°° {G{pi)) and any u > one has: 

r2(/) + ^rf (/) > liLff + (^p, - r(/) + lr^(/). 

Proposition 12. II provides a basic motivation for Definition 11.31 It is also important to observe 
at this point that the Lie group G(pi) can be endowed with a natural CR structure. Denoting in 
fact with Ti the subbundle of TG{pi) generated by the vector fields X and Y, the endomorphism 
J of Ti defined by 

J(Y) = X, J{X) = -Y, 

satisfies = —I, and thus defines a complex structure on G(pi). By choosing 9 as the form 
such that 

Ker e = n, and de{X, Y) = 1, 

we obtain a CR structure on G(pi) whose Reeb vector field is —Z. Thus, the above choice of 
is canonical. 

The pseudo-hermitian Tanaka- Webster torsion of G(pi) vanishes (see Definition 12.231 below), 
and thus {G{pi),9) is a Sasakian manifold. It is also easy to verify that for the CR manifold 
(G(pi),^) the Tanaka- Webster horizontal sectional curvature is constant and equals pi. The 
following three model spaces correspond respectively to the cases pi = 1, pi = and pi = —1. 

Example 2.2. The Lie group SU(2) is the group of 2 x 2, complex, unitary matrices of deter- 
minant 1. Its Lie algebra su(2) consists of 2x2, complex, skew-hermitian matrices with trace 
0. A basis of su{2) is formed by the following matrices X = |cji, Y = |cj2, Z = ja^, where a^, 
k = 1,2,3, are the Pauli matrices: 

One easily verifies 

(2.3) [X,Y] = Z, [X,Z] = -Y, [Y,Z]=X, 

and thus pi = 1. 

Example 2.3. The Heisenberg group M is the group of 3 x 3 matrices: 

1 X ^ \ 

1 y \, x,y,zeR. 

1/ 

The Lie algebra ofM is spanned by the matrices 

/ I \ / \ /OOl 

X = i o ,y= o i ,z= o o 
\ooo/ \ooo/ \000 

for which the following commutation relations hold 

[X,Y] = Z, [X,Z] = [Y,Z] = 0. 
We thus have pi = in this case. 

Example 2.4. The Lie group SL(2) is the group of 2x2, real matrices of determinant 1. Its 
Lie algebra s[(2) consists of 2x2 matrices of trace 0. A basis o/sl(2) is formed by the matrices: 

x='-( I Vy = ir I Vz = i^ ' 



2V0 -1/' 2Vl 0/' 2V-1 
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for which the following commutation relations hold 

(2.4) [X,Y] = Z, [X,Z]=Y, [Y,Z] = -X. 
We thus have pi = —1 in this case. 

2.3. Sub-Riemannian manifolds with transverse symmetries. We now turn our attention 
to a large class of sub-Riemannian manifolds, encompassing the three-dimensional model spaces 
discussed in the previous section. The central objective of the present section is proving Theorem 
l2.19l below. The latter states that for these sub-Riemannian manifolds the generalized curvature- 
dimension inequality (jl.l2p does hold under some natural geometric assumptions which, in the 
Riemannian case, reduce to requiring a lower bound for the Ricci tensor. To achieve this result, 
we will need to establish some new Bochner type identities. This is done in Theorem 12.181 below. 

Let M be a smooth, connected manifold. We assume that M is equipped with a bracket 
generating distribution T-L of dimension d and a fiberwise inner product g on that distribution. 
The distribution T-L will be referred to as the set of horizontal directions. 

We indicate with iso the finite-dimensional Lie algebra of all sub-Riemannian Killing vector 
fields on M (see [51]). A vector field Z G iso if the one-parameter fiow generated by it locally 
preserves the sub-Riemannian geometry defined by (T-Ljg). This amounts to saying that: 

(1) For every x S M, and any u,v £ 'H{x), Czg{u^v) = 0; 

(2) If 7^, then [Z,X] eU. 

In (1) we have denoted by Czg the Lie derivative of g with respect to Z. Our main geometric 
assumption is the following: 

Hypothesis 2.5. There exists a Lie sub-algebra V C iso, such that for every x G M, 

TJ^ = n{x)®V{x). 

The distribution V will be referred to as the set of vertical directions. The dimension of V 
will be denoted by f). 

The choice of an inner product on the Lie algebra V naturally endows M with a Riemannian 
extension gn of g that makes the decomposition 1-L{x) ® V(x) orthogonal. Although g^ will 
be useful for the purpose of computations, the geometric objects that we will introduce, like 
the sub-Laplacian L, the canonical connection V and the "Ricci" tensor TZ, ultimately will not 
depend on the choice of an inner product on V. 

The Riemannian measure of (M, (//j) will be denoted by /x and, for notational convenience, we 
will often use the notation (•, •) instead of g^. 

Remark 2.6. // the Lie group V generated by V acts properly on M, then we have a natural 
Riemannian submersion M — )• M/V. In the case SU(2) studied in the previous section, we obtain 
the Hopf fibration S^^ see [32 j . 

The above assumptions imply that, in a sufficiently small neighborhood of every point x G M, 
we can find a frame of vector fields {Xi, • • • , X^, Zi, • • • , Zj,} such that: 

(a) Zi,-- - G V; 

(b) {Xi(a;), • • • , Xiiix)} is an orthonormal basis of T-l{x); 

(c) {Zi{x), ■ ■ ■ , Z(,(x)} is an orthonormal basis of V{x); 

(d) the following commutation relations hold: 

d tj 

(2.5) [X,,X,] = + 7.7^-, 

i=l m=l 
d 

(2.6) [X„Zm] = Y.dLXe, 
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for smooth functions Lofj, and such that 

(2.7) 5l^ = -5\^^ i,^ = and m = !,...,{). 



We mention exphcitly that the equation (I2.7P follows from the property of Zm being sub- 
Riemannian Killing, see conditions (1) and (2) above. By convention, wf^ = — wjj and 7™ = — 7™- 

Definition 2.7. A local frame such as in (a)-(d) above will he called an adapted frame. 



We define the horizontal gradient V-^/ of a function / as the projection of the Riemannian 
gradient of / on the horizontal bundle. Similarly, we define the vertical gradient Vv/ of a 
function / as the projection of the Riemannian gradient of / on the vertical bundle. In an 
adapted frame, 

d 

2=1 

Vv/ = {Zmf)Zm- 
m=l 

The canonical sub-Laplacian in this structure is, by definition, the diffusion operator L on M 
which is symmetric on C|5^(M) with respect to the measure fi and such that (see (II. 4p ): 

T{f,g) = \{L{fg) - fLg - gLf) = {Vnf, ^ng)- 
It is readily seen that in an adapted frame, one has 

d 

L = - '^X*Xi, 

i=l 

where X* is the formal adjoint of Xi with respect to the measure /i. From the commutation 
relations in an adapted frame, we obtain that 

d 



x: = -x,+Y, 



i=l 



d 



k=l 

SO that, in an adapted frame 

d 

(2.8) L = Y,Xf + Xo, 
where 

(2.9) Xo = -Yl ^ik^^- 

i,k=l 

We also note that since T-L is supposed to be bracket generating, from Hormander's theorem, L 
is a hypoelliptic operator. 

In the present setting, from the very definition of L, one readily recognizes that the canonical 
bilinear form introduced in (|1.4p above is given by 

r(/,5) = (v«/,v^5). 

Definition 2.8. We define for every f,g £ C°°(M) 

r^(/,5) = (Vv/,Vv5). 

Our first step is verifying that the differential forms T and satisfy the Hypothesis 11.21 in 
the introduction. This is the content of the next result. 
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Lemma 2.9. For f,ge C°°{M), 

r(/,r^(/)) = r^(/,r(/)). 

Proof. It is readily checked in a local adapted frame {Xi, ...,Xd, Zi, Zf,}. We have 

f) d 

T^if, r(/)) = 2j2ZmfYl XifZ^{X,f) 

m=l i=l 
d I) d i) 

= 2^XifY, Z^fXiiZmf) - 2 ^ ^ Z^f[Xi, Zm]f 
i=l m=l 1=1 m=l 

f) d 

= r(/,r^(/)) -2Y,ZrafY. ^Lx^fXd 

m=l i,i=l 

= r(/,r^(/)), 

where in the last two equalities we have used (|2.6|) and (|2.7|) . 

□ 

Another property that will be important for us is that V is a Lie algebra of symmetries for 
the sub-Laplacian L. 

Lemma 2.10. For any Z £ V one has [L, Z] = 0. 

Proof. Since Z is a Killing vector field, [L, Z] is a first-order differential operator and therefore a 
vector field. Since Z* = —Z + c, where Z* denotes the formal adjoint of Z and c a constant, we 
obtain that [L,Z]* = [L,Z]. Since a symmetric vector field must vanish identically, we obtain 
the desired conclusion. □ 

2.3.1. The canonical connection. Our ultimate objective (see Theorem 12. 19l in Section [2. 3. 3p 
will be establishing natural geometric conditions under which the manifold M, endowed with the 
above defined sub-Laplacian L, and with the differential bilinear form , satisfy the generalized 
curvature-dimension inequality CT>{pi, p2, d) in Definition 11.31 A useful ingredient in the 
realization of this objective is the existence of a canonical connection on M. 

Proposition 2.11. There exists a unique affine connection V on M satisfying the following 
properties: 

(i) Vg = 0; 

(ii) if X and Y are horizontal vector fields, VxY is horizontal; 

(iii) if Z £V,VZ = 0; 

(iv) ifX,Y are horizontal vector fields and Z £ V, the torsion vector field T{X,Y) is vertical 
and T{X,Z) = 0. 

Proof. If we indicate with the Riemannian Levi-Civita connection on M, the existence of 
the connection V follows by prescribing the relations 

VzX = [Z,X], VxY = 7rn{V^Y), VZ = 0, 

where X,Y £ H, Z £ V, and vr-^ the projection onto the horizontal bundle. The uniqueness of 
V follows in a standard fashion. 

n 

Remark 2.12. It is worth noting that the connection V does not depend on the choice of the 
inner product on V. 

Remark 2.13. It is also worth observing here that in the Riemannian case we simply have 
% = TM, and V is just the Levi-Civita connection on M. 
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Remark 2.14. For later use we observe that, in a local adapted frame, one has: 

d 

(2.10) Vx^X, = - {u:':^ + u:l + 4^-) X^, 

k=l 

d 

(2.11) Vz,„X, = -^<5Lx,, 

i=i 

(2.12) VZ„ = 0. 

We also note that, thanks to (j2.8p and (j2.9p . in a local adapted frame we have 

d 

1=1 

so that 

Lf = div(V^/). 

2.3.2. Generalized Bochner identities. As we have recalled in the opening of the present 
paper at the hearth of the Riemannian curvature-dimension inequality CD(pi,n) there is the 
Bochner identity. It is then only natural that our first step in the formulation of the generalized 
curvature-dimension inequality in Definition 11.31 above was understanding appropriate versions 
of the identity of Bochner. This is accomplished by Theorem 12.181 below, which represents the 
central result of this section. This result contains two Bochner identities: one for the horizontal 
directions, see (j2.17p . and the other for the vertical ones, see (j2.18p below. One of the essential 
points of the program laid in this paper is that, to formulate a notion of Ricci that works well 
for sub-Riemannian spaces, one needs to appropriately intertwine these identities. As a final 
comment we mention that, as it will be clear from the proof of Theorem I2.18| the vertical 
Bochner formula is incredibly easier than the horizontal one, but this is in the nature of things, 
and should come as no surprise. 

We are ready to introduce the relevant geometric quantities. 

Definition 2.15. Let V he the affine connection introduced by Proposition \2.11\ and indicate 
with Ric and T respectively the Ricci and torsion tensors with respect to V. For f G C°°(M) 
we define: 

(2.13) 7^(/) = mc{Vnf,Vnf) + Yl (-((Vx,T)(X,,Xfc)/)(Xfc/) + i {T{Xi,Xk)f)A . 

i,k=l ^ ^ 

where {Xi,--- ,X(i} is a local frame of horizontal vector fields. We also define the following 
second-order differential form by the formula: 

d 

(2.14) Sif) = -2^(Vx,Vv/,T(Xi,V^/)). 

1=1 

Remark 2.16. The expressions (j2.13p . (j2.14p do not depend on the choice of the frame, thus 
they define intrinsic differential forms on M. Also, we observe that since the connection V does 
not depend on the choice of an inner product on V, it is easy to check that TZ and S do not depend 
on this choice either . We note explicitly that in the Riemannian case we have % = TM , V is 
just the Levi-Civita connection o/M, and therefore T= 0. In such case, TZ{f) = Ric(V/, V/), 
where now Ric is the Riemannian Ricci tensor. 

The following lemma provides a useful expression of the differential forms TZ{f) and S{f) in 
a local adapted frame. 
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Lemma 2.17. Let {Xi, X^, Zi, Zi^} be a local adapted frame. Then, we have: 
(2.15) 



k,e=l ^ ^ j=l m=l ^ 3=\ 



i,j=l 1=1 l<i<i<rf 

d I) / d 



+ EE(E47?;+ E 4^.7 -E^^-^?;-)^'"-^^^^ 

fc=lm=l ^^j=l l<i<j<d j=l ^ 

^\ E (Et.-^'"/)'' 

l<e<j<d ^m=l ^ 



l<£<j 

and 

d i) 

(2.16) S{f) = -2 E E 7lF(^.-^-/)(^*/)- 

i j=l m=l 

Proof. It is a standard but lengthy computation using an adapted frame. 

□ 

In the following we denote by ||V|^/|p the Hilbert-Schmidt norm of the symmetrized hori- 
zontal Hessian of a function /. In a local adapted frame 

iiv|,/f = Ef^l/-E4^./)' + 2 E f^^^^^^/-E^^^^./)'- 

e=l \ i=l / l<i<j<d \ i=l J 

Also, we will denote HV-^Vv/P = J2i=iYlm=ii^i^rnf)'^, an expression which is seen to be 
independent from the local adapted frame. The next theorem constitutes one of the central 
results of Section 12.31 

Theorem 2.18. For every f G C°°(M) the following formulas hold: 

(2.17) r2(/) = \\V^ff + n{f) + 5(/); (Horizontal Bochner formula) 

(2.18) rf (/) = ||V^Vv/f . (Vertical Bochner formula) 

Proof. It is enough to prove (|2.17p and (|2.18p in a local adapted frame {Xi, ...,Xd, Zi, Zf,}. 
We begin with the vertical Bochner formula (|2.18p . which is quite simple. Such formula follows 
immediately by a direct computation starting from the definition (jl.lip of F^, and using the 
fact that L and Z^ commute, see Lemma 12.101 

The proof of the horizontal Bochner formula (|2.17p is not as straightforward. In order to avoid 
long and cumbersome computations we will omit the intermediate details and only provide the 
essential identities. With such identities the interested reader should be able to fill in the gaps. 
Let us preliminarily observe that 

XiXjf = f^ij + - [Xi,Xj]f, 

where we have let 

(2.19) l,j = ^{XiX,+XjXi)f. 
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Using ()2.5p . we find 

d f, 

(2.20) X,X,f = + -Y^ ul^Xd + l'^Z„J. 

1=1 m=l 

Now, starting from the definition (|1.1U|) of r2(/), we obtain 

d d 

T2U) = j;Xi/[Xo,X,]/ - 2 X,f[X,,Xj]Xjf 

i=l i,j=l 
d d 

+ XJ[[X„X,],Xj]f + Y {XjXif)\ 

i,j=l i,j=l 

where Xq is defined by (j2.9p . Prom (j2.20p we have 

i,j=l i,j=l l<i<j<d \e=l / l<i<j<d \m=l / 

l<i<j<dl=l m=l 

and therefore, 

d d d 

(2.21) r2(/) = E f% - 2 E XJ[X„X,]X,f + Y XJ[[X,,X^],X^]f 

i,j=l i,j=l i,i=l 

+ Yxj[X„X,]f + l Y +\ ^ (E^^^^-^I 

i=l l<i<j<d \e=l / l<i<j<d \m=l J 

+ E E E 

l<i<j<de=l m=l 

To complete the proof we need to recognize that the right-hand side in (|2.2ip coincides with 
that in ()2.17p . With this objective in mind, using (j2.5p we obtain after a computation 

d d 

E/,l-2E^^/i^-^^]^^/ 

i,j=l i,j=l 



^<i<j<d \ l<i<j<d \i=l / 

d d d d t] 

-EE ^^ejXkfxj - E E E 4-7;^^-/ 

i,j=l e,k=l i,j=l e=l m=l 

d fl 

-2E E^^'i^-^^/^^/- 

i,j=l m=l 
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Completing the squares in the latter expression we find 
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jj=i *j=i 

e=l \ i=l J l<i<j<d \ i=l ) 

l=\ \i=\ / \-<l<j<d \i=\ / 

d d d i) 

i,j,k,£=l * ,i=l ^=1 m=l 

- 2 E E ^.^m/ ^^f - 2 E E 7"[^™' ^^i/ 

i,j=l m=l i,j=i Tri=l 



Next, we have from (|2.9 



d d 
Y^XJ[Xo,X,]f= E 

i=l i,j,k,£=l 

d d i] d d 

+ E E E ^t.7.^^n^/^./ + E E {x^oo';k)x^fx,f. 

i=l j,k=lm=l j=l j,fc=l 

Using (|2.5|) we find 

d d d d t) 

Y,x,f[[x„x,],x,]f=Y, E4-4^^w+ E E4-7;^^™w 

i,j=l i,j=l£,k=l i,j,£=lm=l 

d t) d t) 

+ E E i:^[Zm,x,]fxj - E E(^^-7.'i)^™/^i/ 

i,j=l m=l * J=l m=l 

d d 

- E E(^^-4)^^/^^/- 

Substituting the latter three equations in (j2.2ip we thus obtain 

r.(/) = Ef/.«-E-M +2 E f/.^-E^^^^^/) 

1=1 \ 1=1 / l<i<j<d \ 1=1 / 

d () 

-2 E E7ii^j-^™-^^*^+^ 

i j=l m=l 
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where we have let 

(2.22) TI = -Y^(y^u:!,Xj] -2 (e^^^Xj) 

£=1 \i=l J l<i<j<d \i=l J 

d d d d h 

i,j,k,l=l i,j,k,i=l i,j=i i=l m=l 

d h d d h 

-EE ^^'i t^^' ^^-i/ ^^f + E E E ^jki^izmfxj 

i,j=lm=l i=l j^k=lm=l 

d d d d d t) 

+ E E ix^oJ'k)x^fx,f + E E ^'iAXifXkf + E E 4-7^7^™/^'/ 

i=l j,k=l i,j=li,k=l i,j,i=lm=l 

d t) d d 

- E E(^^-^*")^™/^^/- E Y(X,uf^)XJXef 

i,j=l m=l «J=1 £=1 

l<i<j<d \l=l / l<i<j<d \m=l / 

+ E EE^-^^'i^-w- 

l<i<j<de=l 771=1 

Simphfying the latter expression we obtain 

d d 

k,e=l i=l 
d 



(2.23) -Ifl E Hj+^i)(^lj+^LWXef 



2 

k,l=l l<i<j<d 

d d d 
+ E E(^^<--^^-4)^^/^^/+ E ^]^4JXkfXd 

k,e=i j=i i,j,k,e=i 

d d t) 

+ 2 E E 44jXkfxd + E E ^k,[x„ Zm]f x,f 

k,l=ll<i<j<d k,j=lm=l 

+ E E E ^'k^^z^fx^f + E E E 4^^^z^m 

i=l j,k=l m=l l<i<j<d i=l m=l 

-E E(^.7.7)^-/^^/ + ^ E (E^^^-f) ■ 

i,j=l m=l i<'i<j<d \m=l / 

At this point, using (|2.6|) . it is easy to recognize in view of (|2.13|) in Lemma 12.171 that 

m = n{f). 

To complete the proof of (j2.17p it now suffices to: 
1) use the equation (j2.14p in Lemma [2T71 
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2) recognize by a computation that, in a local horizontal frame, the square of the Hilbert- 
Schmidt norm of the horizontal Hessian V|^/ is given by 

(2.24) iivi,/f =x:f/,«-E-f.^./) +2 E (f.i-i:^^^^d] ■ 

1=1 \ i=l / l<i<j<d \ i=l ) 

n 



2.3.3. The generalized curvature- dimension inequality. In this final part of Section | 
we establish the main result of the whole section, namely Theorem l2. 191 below. This result shows 
that, under suitable geometric bounds, see (j2.26p below, which are natural in sub-Riemannian 
geometry (by this we mean that they are satisfied by large classes of significant examples), 
the sub-Riemannian manifold M, with its canonical sub-Laplacian L and the Lie subalgebra of 
transverse symmetries V, satisfies the curvature-dimension inequality in ()1.12p . 

We need to introduce the last intrinsic first-order differential quadratic form, which in a local 
horizontal frame {Xi, ...,Xd}, we defined as 

T{f) = Y\\T{X,,Vnf)f. 

i=l 

A computation shows that in a local adapted frame we obtain: 

(2.25) n/) = i:E (e^^™^^/) • 

j=l m=l \i=l / 

It is worth remarking that, as we have already observed, in the Riemannian case V is the 
Levi-Civita connection. As a consequence, in such case T{f) = for every / G C°°(M). 

Theorem 2.19. Suppose that there exist constants pi £ M, p2 > and k > such that for 
every f £ C°^(M).- 



(2.26) 



^7^(/)>Pl^(/) + p2^^(/), 

[Tif) < KT{f). 



Then, the sub-Riemannian manifold M satisfies the generalized curvature-dimension inequality 
CD{pi, p2, K,d) in (|1.12p with respect to the sub-Laplacian L and the differential form . 

Proof. We need to show that for every / G C°°(M) and any > one has: 

r2(/) + i^rlif) > -^{Lff + (pi - ^) r(/) + p^v^f). 

Let {Xi, Xrf, Zi, Zf,} be a local adapted frame. From (j2.8p and ()2.9p and Schwarz inequality 
we find 

1=1 \ i=l / \l=l \ 1=1 / 

This inequality and (j2.24p readily give 

\{Lf?<\\V'nf\?. 
From this estimate and from (j2.17p in Theorem 12.181 we obtain 

<T2{f)-piV{f)-p2V^{f)+S{f), 



(2.27) l(L/)2<r2(/)-W) + 5(/) 
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where in the last inequahty we have used the lower bound on TZ{f) in the hypothesis (|2.26p . 
Using (I2.16P and the Cauchy-Schwarz inequality we now find for every > 

= 2r(/)i/2r|(;)i/2 < + (/), 

where in the second to the last equality we have used (|2.18p and ()2.25p . Substituting the latter 
inequality in ()2.27p we find 

]iLff < Uf) + vTl{f) + -TU) - piT{f) - p,T\f). 
a V 

At this point it suffices to use the bound from above on ?'(/) in (j2.26p to reach the desired 
conclusion. 

□ 

The next result shows that, remarkably, the generalized curvature-dimension inequality (|1.12p 
in Definition 11.31 is equivalent to the geometric bounds ()2.26p above. 

Theorem 2.20. Suppose that there exist constants pi G M, p2 > and k > such that M satisfy 
the generalized curvature- dimension inequality CD{pi, p2, K,d). Then, M satisfies the geometric 
bounds ()2.26p . As a consequence of this fact and of Theorem \2.19\ we conclude that 



CD{pi,p2,K,d) 



^7^(/)>/>l^(/) + P2^^(/), 
\r(/) < KTif). 



Proof Letusfixxo G M, n G "Hj^t^M) andu G Va;o(M). Let also > 0. Let {Xi, Xd, Zi, Zt,} 
be a local adapted frame around xq. We claim that we can find a function / G C°°(M) such 
that: 

(i) V^/(2;o) = u, 

(ii) Vv/(a;o) = v, 
(ih) Vyixo) = 0, 



(iv) X,Z„/(xo) = iEti7l"(xo 



To see this, we denote as before by the Levi-Civita connection of the Riemannian metric on 
M. Since {Xi, X^^, Zi, is a local frame, we can find a local chart (U, (j)) at xq, such that 
(/>(0) = Xq and in U we have Xj = j = 1, d, Zm = gf-, m = 1, f). We first observe 
that there exists a function fi G C°°(M.) such that 



\V^fi{xo) = u + v, 
\v^V^/i(xo) = 0. 

For the explicit construction of such function fi, see for instance the proof of Theorem 3.1 and 
Lemma 3.2 in [47|. Let us note explicitly that the function /i constructed in f47\ satisfies (i)-(iii) 
above. 

We can also find a function /2 G C°°(M) such that 
fv^/2(xo) = 0, 

\XjZ.rrj2ixo) = ^ J2i=l liji^ohi - XjZmfl{xo). 

Indeed, it will suffice to take as /2 the function that in the local coordinates 

{X,Z) = {xi,...,Xd, Zl,...,Zi,) 



CURVATURE-DIMENSION INEQUALITIES, ETC. 23 

is expressed in the form 

f2ix, 2) = X] X] ( ^ X] ^ij(^o)Ui - XjZmh{xo) I XjZm- 
j=l m=l \ 1=1 / 

It is readily verified that such /2 satisfies the two above conditions. With this being done, we 
now take / = /i + /2- It is clear that such / satisfies (i)-(iv) above. Now, using CD(pi, /32, k, d) 
on the function /, in combination with (i)-(iii) above, we find at the point xq, 



r2(/)(xo) + z^r^(/)(xo) > [pi--) hll +P2|br. 

But, from (|2.17p in Theorem 12.181 and (iii) we have 

r2(/)(xo)=W)(xo)+5(/)(xo). 

By ([2J6]1 and (ih) we find 

d f) ^ d ^ d 

S{f){xo) = -2Y,Yl lr;{xo)X,Z^f{xo)XJ{xo) = -- 5; E E 7^7(^o)7;^(xo)n,n, 

i,j=l m=l j=l 171=1 i/=l 



d h / d \ 
j=l m=l \i=l / 



2 

= --r(/)(xo), 



where in the last equality we have used (j2.25p . On the other hand, (I2.18P and (iii) give 

d h / d \^ 1 

rf(/)(^o) = ||V^Vv/(xo)f = ^E E [J2^^(^o)ui\ = ^r(/)(xo), 

j=lm=l \i=l / 

where in the last equality we have used (|2.25p again. In conclusion, 

r2(/)(xo) + z^rf (/)(xo) = n{f){xo) + cS(/)(xo) + z^||V«Vv/(xo)f = 7^(/)(xo) - V(/)(xo). 
We thus infer from CD(pi, p2, d) 

7^(/)(xo) - ir(/)(xo) > [pi - ^) \\uf + P2\\vf 

We finally note that ()2.15p in Lemma 12.171 gives 

d ^ y d i) \ d 

nf){x,) = E E E ^fcl'^l- + E(^^<- - ^Aj) 

k/=l ^ ^ j=l m=l ^ 3 = 1 

+ E '^i^'^fcj " E + ^ E {"^^v^^ - + ^i) (^fei + '^d) I ^kui 

i,j=l i=l l<i<j<d ^ ^ 

+ EE(E47S-+ E 4-7.7 -E ^.7.1)^™^. 



fc=lm=l ^.,j=l l<.<j<rf J=l 

\ 2 

l<i<j<d ^m=l 

:= n{u,v), 



^ E ( E ^^7^- I ' 
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and that (|2.25p gives 

d / d \ 2 

j=\ m=l \i=l / 

■.= T{u). 

In conclusion, we have proved that for every u € Hxq (M) and v £ Vx^ (M) and > 0, 

TZ{u, v) — -T{u) > (^pi — W'^W'^ + P2\\v\\'^ ■ 
By first letting u — )• oo, we obtain 

TZ{U,V) > Pl\\u\\'^ + /52||^^|P- 

If instead we let — t- 0, we find T{u) < This completes the proof. □ 

2.4. Carnot groups of step two. Carnot groups of step 2 provide a natural reservoir of sub- 
Riemannian manifolds with transverse symmetries. Let g be a graded nilpotent Lie algebra 
of step two. This means that g admits a splitting Q = Vi (B V2, where = V2, and 

[^1, V2] = {0}. We endow g with an inner product (•, •) with respect to which the decomposition 
Vi © V2 is orthogonal. We denote by ei,...,erf an orthonormal basis of Vi and by £!,...,£(, 
an orthonormal basis of V2- Let G be the connected and simply connected graded nilpotent 
Lie group associated with g. Left-invariant vector fields in V2 are seen to be transverse sub- 
Riemannian Killing vector fields of the horizontal distribution given by Vi. The geometric 
assumptions of the previous section are thus satisfied. 

Let Lx{y) = xy be the operator of left-translation on G, and indicate with dL^ its differential. 
We indicate with Xj{x) = dLx{ej), j = I,-- - ,d and Zm{x) = dLx{em), m = I,-- - ,f), the 
corresponding system of left-invariant vector fields on G. Using the Baker-Campbell-Hausdorff 
formula, we see that in exponential coordinates 

* m=l 1=1 

where 7^*^ = {[ei^ei],em) are the group constants. From the latter equation we see that 
(2.28) [X,,X.j\=Y,^^Zm. 

m=l 

We note that Xi, ...,Xci, Zi, Zj, is a global adapted frame on G. 
A canonical sub-Laplacian on G is given by 

d 

1=1 

If we endow G with a bi-invariant Haar measure n, then X* = —Xi, see e.g. j27j . Therefore, L 
is symmetric with respect to fi. 
In the present setting we have 

d f) 

r{f) = Y^{xjf, T\f) = Y^iz^ff . 

i=l m=l 

If we use Lemma 12.171 then we easily see that 



i,j=l \m=l / 
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From this expression it is clear that 

n{f) > P2T^U), 

with 

d / n \2 

(2.29) P2 = inf ^ 4 E E ^"^'rn . 

i,j=l \m=l / 

Furthermore, from (|2.25p one has 

d t) / d \ 2 

j=lm=l \i=l / 

and therefore 

Tif) < KTif), 

with 



ij -^i 



(2.30) ^=s^pEE E^^ 

ll^ll-l j=l m=l \i=l / 

From these considerations in view of Theorem 12. 191 we immediately obtain the following result. 

Proposition 2.21. Let G be a Carnot group of step two, with d being the dimension of the hor- 
izontal layer of its Lie algebra. Then, G satisfies the generalized curvature-dimension inequality 
CD{0, p2, K,d) (with respect to any sub-Laplacian L on G), with p2 and k respectively given by 
(12:2^ and I^Ml- 

In particular, in our framework, every Carnot group of step two is a sub-Riemannian manifold 
with nonnegative Ricci tensor. 

2.4.1. Groups of Heisenberg type. A significant class of Carnot groups of step two is that of 
groups of Heisenberg type. Such groups constitute a generalization of the Heisenberg group and 
they carry a natural complex structure. Groups of Heisenberg type (aka H-type groups) were 
first introduced by Kaplan [35j in connection with the study of hypoellipticity and they were 
further developed in [20j, where the authors characterized those groups of H-type which arise as 
the nilpotent component in the Iwasawa decomposition of simple Lie groups of real rank one. 
In a Carnot group of step two G consider the map J : V2 — s- End(Vi) defined for every G V2 by 

Then, G is said of H-type if J{rj) is an orthogonal map on Vi for every rj £ V2 such that | | = 1. 
When G is of H-type we thus have for £ Vi, r] £ V2, 

<jm,jm' >=iir/i|2<e,e'>. 

The J map induces a complex structure since in every group of H-type one has for every rj, r\ G 

J{Ti)J{rl) + J(?/)J(r/) = -2 < r/, V > I, 

see [20]. In particular. 

Since in a Carnot group of step two we always have [e^, e^] = Y^s=\ itj^si we obtain 
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When G is of H-type we thus find for z = Y^^=i ^m^rm 




\ ^ d 



In view of (|2.29p we conclude that, when G is of H-type, then P2 = j- Also, for x = X]i=i ^i^i 
one has, 



|2 



d t) / d \ ^ d f) f) 

j=l m=l \j=l / j=lm=l m=l 

In view of (|2.30p we conclude k = I). Combining these considerations with Proposition 12.21] we 
have thus proved the following result. 

Proposition 2.22. Let G be a group of H-type. Then, G satisfies the generalized curvature- 
dimension inequality CD(0, ^, f), d) with respect to any suh-Laplacian L. 

2.5. CR Sasakian manifolds. Another interesting class of sub-Riemannian manifolds with 
transverse symmetries is given by the class of CR Sasakian manifolds. For all the known results 
cited in this section we refer the reader to the monograph [23] . Let M be a non degenerate 
CR manifold of real hypersurface type and dimension d + 1, where d = 2n. Let be a pseudo- 
hermitian form on M with respect to which the Levi form Lg is positive definite. The kernel 
of 6 determines the horizontal bundle Ti. Denote now by Z the Reeb vector field on M, i.e., 
the characteristic direction of 9. It is an immediate consequence of Theorem 1.3 on p. 25 in 
[23] that the canonical connection V introduced in Section 12.3.11 coincides with the Tanaka- 
Webster connection on M. The sub-Laplacian L introduced in Section [2.31 is then the classical 
CR sub-Laplacian, see Definition 2.1 on p. Ill of [23j. 

Like in the Riemannian case, the pseudo-hermitian torsion with respect to V is 

T(X, Y) = VxY - VyX - [X, ¥]. 

Definition 2.23. The CR manifold (M, 9) is called Sasakian if the pseudo-hermitian torsion 
vanishes, in the sense that 

T{Z,X)=0, 

for every X £ Ti. 

In every Sasakian manifold the Reeb vector field Z is a sub-Riemannian Killing vector field 
(see Theorem 1.5 on p. 42 and Lemma 1.5 on p. 43 in [23]). In this situation, the bilinear 
forms TZ,T take a particularly nice form. Indeed, in the Sasakian case, the torsion T of the 
Tanaka- Webster connection is given, for horizontal vector fields X and Y, by 

T{X,Y) = {JX,Y)Z, 

where J is the complex structure on M. Since VJ = 0, we obtain from (|2.13p in Definition 12. 15| 

(2.31) 7^(/) = mc{Vnf,Vnf) + M E (J^i^^f'f I (^/)'- 



Since 



A,k=l 



d 

^{jXi,Xk)'' = Y,\\JM^ = 

l,k=l k=l 



we conclude from ()2.3ip that 



7^(/) = Ric(VH/,v^/) + ^^^(/). 
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Also, from (12:25]) 

d 

nf) = Y,{J'^nf,X,f = WJVnff = r(/). 

i=l 

As a straightforward consequence of these considerations we thus obtain from Theorem 12.191 

Theorem 2.24. Assume that the Tanaka- Webster Ricci tensor is bounded from below by pi gM 
on smooth functions, that is for every f G (M) 

Ric(V^/,Vw/) >Pi||V«/f. 

Then, the Sasakian manifoldM. satisfies the generalized curvature- dimension inequality CD{pi, |, 1, 
with d = 2n. 

Remark 2.25. The example of CR Sasakian manifolds, together with that of H-type groups 
studied in Section \2.4-l\ suggests the existence of an interesting class of sub-Riemannian mani- 
folds with transverse symmetries. Indeed, returning to the setting and notations of Section \2.3[ 
for Z £ V consider the map J{Z) defined on the horizontal bundle % by 

{J{Z)X,Y) = {Z,T{X,Y)). 

Suppose that J{Z) is orthogonal for every Z £ V such that \\Z\\ = 1, and that furthermore 
Yl=i"^xJ{Z) = 0. In that case, similarly to the case of groups of the H-type case and Sasakian 
manifolds we can prove that, if the horizontal Ricci curvature of the canonical connection V 
is bounded from below by pi, then M satisfies the generalized curvature- dimension inequality 
CD(/9i, ^, f),d). An example of such structure is given by the Hopf fibration S"^ — )• and, more 
generally, by the so-called 3 Sasakian manifolds (see [15] for an account on these geometric 
structures). 

2.6. Principal bundles over Riemannian manifolds. Sub-Riemannian structures with trans- 
verse symmetries also naturally arise in the context of principal bundles over Riemannian mani- 
folds. Let (M, g) be a C°° connected Riemannian manifold with dimension d. Let us consider the 
orthonormal frame bundle O (M) over M. The kernel of the Levi-Civita connection form defines 
the distribution % of horizontal directions. If the Riemannian curvature form is non-degenerate 
this distribution is two-step bracket generating (see for instance Chapter 3 in pT]). The set of 
vertical directions is then given by the vector fields that are tangent to the fibers of the bundle 
projection. It is then easily seen that in such case V — S0(i(R), and therefore that the vertical 
bundle is generated by the sub-Riemannian Killing vector fields of the horizontal bundle. We 
therefore have an example of a sub-Riemannian manifold with transverse symmetries. In this 
example the geometric quantities introduced in Section 2.2 may be interpreted in terms of the 
geometry of M. 

First, let us observe that we can find a globally defined adapted frame. For each x G M'^ we can 
define a horizontal vector field on O (M) by the property that at each point u G 0{M.), Hx{u) 
is the horizontal lift of u{x) from u. If (ei, ...,6^) is the canonical basis of R*^, the fundamental 
horizontal vector fields are then defined by 

Hi = H(,^. 

Now, for every M S 0(i(]R) (space of d x d skew-symmetric matrices), we can define a vertical 
vector field Vm on O (M) by 

F(ue'^)-F{u) 
{VmF){u) = hm ^ 1 ^, 

t-s>0 t 

where u G O (M) and F : O (M) M. If Sjj, I < i < j < d denote the canonical basis of Orf(M) 
{Eij is the matrix whose (i,j)-th entry is 1/2, (j,i)-th entry is —1/2, and all other entries are 
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zero), then the fundamental vertical vector fields are given by 

It can be shown that we have the following Lie bracket relations: 

[H,,Hj] = -2Y,^'l]ykU 

k<l 

[Hi-, Vjk] = —5ij-Hk + 6ik-Hj, 

where dij = 1 if i = j and otherwise, and where 0, is the Riemannian curvature form: 

n{X, Y){u) = u-^R{^^X, 7r*y)u, X, y G TuO (M) , 

R denoting the Riemannian curvature tensor on M and vr the canonical projection O (M) — t- M. 

In this structure, the sub-Laplacian L is the so-called horizontal Bochner Laplace operator. 
It is by definition the diffusion operator on O (M) given by 

d 

1=1 

Its fundamental property is that it is the lift of the Laplace-Beltrami operator Am of M. That 
is, for every smooth / : M — )• M, 

^0(M){f o tt) = (Am/) o vr. 

The canonical sub-Riemannian connection V is easily expressed in terms of the Ehresman 
bundle connection. Let us recall (see for instance Chapter 3 in |llj ) that the Ehresmann con- 
nection form a on O (M) is the unique skew-symmetric matrix a of one forms on O (M) such 
that: 

(1) a{X) = ff and only if X e ^^©(M); 

(2) ^a(x) =X if and only if X e VC'(M), 

where 'HC'(M) denotes the horizontal bundle and VC'(M) the vertical bundle. It is then easily 
verified that for a vector field Y on 0{M.), 

d 

k=l 

Let us observe that if X, Y are smooth horizontal vector fields then we have for the torsion: 

T{X,Y) = -Vn(^x,Yy 
We then obtain after straightforward computations 

12 

7^(/,/) =Ric*(V^/, V«/) + V^Vn^n)(H„H,)fHkf + - (VniH„H,)f) , 

j,k=i 

where for horizontal vector fields X and Y, 

Ric*(X,y) = Ric(7r*X, tt^Y), 

and Ric denotes the Ricci tensor of M. In the same vein we have 

d d 

Tif) = \mH^ynf)\\' = Y w^H^ynnW- 

i=l i=l 

We then observe that the expression of TZ simplifies if for every horizontal vector field X, 

d 

^(VH,f^)(i/„X) = 0. 
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Using the second Bianchi identity, it is seen that this latter condition is equivalent to the fact 
that the Ricci tensor of M is a Codazzi tensor, that is for any vector fields X, Y, Z on M, 

(VxRic)(y,Z) = (VyRic)(X,Z). 

As a conclusion we then obtain from Theorem I2.19[ 

Proposition 2.26. Let (M, g) be a C°° connected Riemannian manifold with dimension d. 
Assume that: 

(1) Ric is a Codazzi tensor; 

(2) There exists pi > such that Ric > pi; 

(3) There exists P2 > such that for every U G 50d(M), 

d 

Y,{^iHj,Hk),Uf >Ap2\\Uf; 

(4) There exists k > such that for every horizontal vector field X. 

d 

i=l 

Then, the horizontal Bochner operator of 0(M) satisfies the generalized curvature- dimension 
inequality CT){pi, p2, K,d). 

The previous assumptions are readily satisfied in the case of spaces with constant curvature 
and, after some standard computations, we obtain the following result. 

Corollary 2.27. Let (M, g) be a C°° connected Riemannian manifold with dimension d and 
constant curvature K ^ 0. The sub -Riemannian structure of ©(M) satisfies the generalized 

curvature dimension inequality CD^((i — \-)K, jK'^, ^^^^i^^K'^ , d^ ■ 

Actually, more general principal bundles provide examples of sub- Riemannian structures with 
transverse symmetries. Let tt : (M.,g) — )• (M',^') be the projection of a principal fibre bundle 
with structure group a compact, semisimple Lie group G with dimension I) equipped with its 
bi-invariant metric given by the Cartan-Killing form. We suppose that vr is a Riemannian 
submersion with totally geodesic fibres isometric to G. We denote by 9 the one-form of the 
principal connection corresponding to the horizontal distribution Ti. If ?^ is bracket generating, 
then we have an example of a sub-Riemannian structure with transverse symmetries. 

Let 

AxY= iVxnYnh + {^XnYv)n, 
be the O'Neill's tensor of the submersion. When X and Y are horizontal vector fields we have 
T{X, Y) = —2AxY, where, as usual, T denotes the torsion of the canonical sub-Riemannian 
connection. As a consequence, A is the skew-symmetrization of — ^T. The connection form 9 is 
a Yang-Mills connection if for every horizontal vector field X, the vertical component of 

d 

^{Vx,T){X,,X) 

1=1 

is zero (see for instance [24] , p. 146). As a consequence of Theorem 12.191 we then obtain the 
following result. 

Proposition 2.28. Let us assume that: 

(1) 9 is a Yang-Mills connection; 

(2) there exists pi > such that Ric' > pi where Ric' is the Ricci tensor of {M.\g'); 
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(3) there exists P2 > such that for every vertical vector field Z, 

d 

J2Ux,Zf>P2\\Zf; 

i=l 

(4) there exists k>0 such that for every horizontal vector field X, 

\\AxZif < K\\Xf. 

m=l 

Then, the suh-Riemannian structure onM given by the submersionir : {M.,g) — >■ (M.',g') satisfies 
the generalized curvature dimension inequality CD{pi, p2, K,d). 

Remark 2.29. If G is simple, then by Ad invariance, it is seen that 

JL II/4I|2 

j:\\Ax,zf=^^\\zf, 

i=l 

and 

J2\\AxZif<\\Af\\Xf. 

m=l 

3. Second derivatives estimates 

In this section, in the context of sub-Riemannian manifolds with transverse symmetries, we 
develop some basic tools to obtain bounds on the second derivatives that will later be used. 

Let M be a sub-Riemannian manifold with transverse symmetries as in the previous section. 
If Xi, ■ ■ ■ , Xfi is a local frame of horizontal vector fields, we define the tensor 

d 

5T{V) = Y,{'^x,T){X,,V) 
e=i 

Motivated by the examples of the previous section, we set the following definition: 

Definition 3.1. The sub-Riemannian manifold M is said to be of Yang-Mills type, if for every 
horizontal vector field X, 

dT{X) = 0. 

For instance, Riemannian manifolds, CR Sasakian manifolds and Carnot groups of step 2 are 
examples of sub-Riemannian manifolds with transverse symmetries of Yang-Mills type. 

Proposition 3.2. Suppose that M is of Yang-Mills type and that there exist constants pi G M, 
P2 > and K> such that 

(nf)>pinf)+P2r^{f), 

In/) < Kr(/), 

hold for every f £ C°°(M). Then, for f G C~(M), and > 0, one has 

r(r(/)) < 4r(/) (r^if) + ^rf (/) - (pi - ^) r(/)) , 

and 

r(r^(/)) < 4r^(/)rf (/). 



CURVATURE-DIMENSION INEQUALITIES, ETC. 31 

Proof. Let / G C°°(M) and xq £ M. We assume that V-^/(xo) 7^ 0, otherwise the inequahty is 
straightforward. We can find a local adapted frame {Xi, ■ ■ ■ , X^, Zi, - ■ ■ ^Z\^ in the neighbor- 
hood of xq such that 

Xi/ = 0,--- ,Xd/ = ||V«/||. 

In this frame, we have 



v{v{f)) = \{^[xa,ff\^ r(/), 



and 



t=\ \ i=\ ) l<i<j<d \ i=l / 

By observing that XjXgf = if ^ / d and XjX^f = ujjd^df + Y.m=i ifd^rnf we easily reach 
the conclusion that 

r(r(/)) - 4||v|,/f r(/) < 2r(/) ^ f E ^TdZmf] 

1=1 \m=l / 

<2r(/) E iiZlT^Zraf)' 
^<^<i<d ^m=l ^ 

Now, from (|2.17p in Theorem 12.181 we have 

From this identity and the proof of Theorem 12.191 we obtain for every 1/ > 

(3.1) T,{f) + z.rf (/) > ||v|,/||2 - ^r(/) + 7^(/). 

Therefore we have 

r(r(/))<4r(/) (^2(/) + z.^f(/) + ^^(/)-7^(/) + i E (E^^^^-/) )■ 

From the Yang-Mills assumption we have 

f) \ 2 



w)-^ E (E^^7^™/)' 
E |( E E + E(^^<- - ^^-4) 



i,j=l 4=1 l<i<j<rf 

and thus 



i<£<j 

Puttings things together, we conclude 



l<£<-i<d ^m=l ^ 



r(r(/)) < 4r(/) ( r.if) + ^r^ (/) - ( pi - - j r(/) ) . 
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The proof of 

r(r^(/))<4r^(/)rf(/). 

is easy and let to the reader. □ 

In the sequel of this section we assume that M is complete and that there exist constants 
G M, P2 > and k > such that ()2.26p hold for every / G C°°(M). The assumed completeness 

of M implies that the Hypothesis [LI] be satisfied, that is that there exists an increasing sequence 

hk G C^(M) such that /ifc / 1 on M, and 

||r(/ifc)||oo + ||r^(/ifc)||oo ^ 0, as/c^oo. 

Following an argument of Strichartz |51] . (Theorem 7.3 p. 246 and p. 261), this implies that the 
operators L and L + are both essentially self-adjoint on the space C^(M), where we have 
let 

= - ^ Z^Zm- 

m=l 

Lemma 3.3. The operators L and L + spectrally commute, that is for any bounded Borel 
function : (-oo,0] R and any f £ L'^{M), 

^'(L)^(L + L^)f = ^{L + L^)^{L)f. 

Proof. Let / G C^(M). We first observe that 

(3.2) / r^(/,L/)fi^<0. 

JM 

To see this we note that, thanks to Lemma 12.101 we have 

2/ T^{f,Lf)diJi= [ Lr^(/)d^-2V / r(z„/)d/i = -2 V / r{Zmf)dii<o. 

Next, we observe that for every f,g€z C^(M) we have 

0= [ L^{fg)d^i= [ fL''gdfi+ [ gL^fdfi + 2 [ r^{f,g)dfi. 
Jm Jm Jm Jm 

With / G C^(M) and g = Lf, this gives 

-2/ r^(/,L/)d^ = 2 / LfL^fdii. 

Jm Jm 

In view of ([HT^ this gives for any / G (M) 

LfL^fdfi > 0. 



In turn, this implies for all / G C^(M) 

(3.3) [ {Lffd^iK [ {Lf + L^ffdf,. 

Jm Jm 

But then, the inequality ()3.3p continues to be true for / G 2?(L + L^). Let now / G T^{L) and 
consider the function, 

(/)(x,t) = LQtf{x), 

where Qt is the heat semigroup associated with L + L^ . Since L and L + L^ commute on smooth 
functions (see Lemma |2.10|) . we easily see that (j) solves the heat equation 

(T ^tZ^m 
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with initial condition 0) = Lf{x). From (j3.3p . we have that for every t > 0, <P{x, t)'^dfi < 
oo. Thus by uniqueness in of solutions of the heat equation, we conclude that (j){x,t) = 
LQtfix) = QtLf{x). By a similar argument, we may prove that for every / G L^(M), s,t>0 

PsQtf = QtPsf, 

which implies that L and L + spectrally commute, see Reed and Simon [46] (Chapter 8, 
Section 5). 

□ 

Lemma 3.4. There is a constant C = C{pi, p2, k) > such that for every smooth function f 
belonging to V{L'^), one has 

o<- / r^(/,L/)d/i<c||/|||(^.), 

Jm 

where 

ll/lll(L^)= / fdf^+ I {L^ffd^i. 
Jm Jm 

Proof. From Theorem 12.191 we have for every u > 

T2{f) + yVlif) > (^p, - ^) r(/) + p2T'if). 

Since 

2r2(/) = Lr(/)-2r(/,L/), 

and 

2rf(/) = Lr^(/)-2r^(/,L/), 

we deduce by an integration over M that for v > 0, 

[ {Lffdp + iy [ LfL^fdp>(pi--) [ T{f)dp + p2[ T^{f)dp. 

Jm Jm ^ ^' Jm Jm 

(One should keep in mind that, since / S C^(M), we have /j^ Lr{f)dp = /j^ LT^ {f)dp = 0, and 
t'^^* - !M^U^Lf)dp = f^{Lf)^dp, - fj^r^{f,Lf)dp = J^LfL^fdp.) The latter inequality 
can be re-written as 

/ {Lffdp + u I LfL^fdp > (pi --) [ {-Lf)fdp + P2 [ i-L^f)fdp. 
Jm Jm ^ ^' Jm Jm 

From Lemma [2.10l the diffusion operators L and L + L^ spectrally commute, therefore from the 
spectral theorem, there is a measure space (0,a), a unitary map U : Ll{n,R) L^(M) and 
real valued measurable functions A and on Q, such that for x G il, 

U-'LUg{x) = -X{x)g{x), 

U-^L^Ug{x) = -\^{x)g{x). 
From the previous inequality, we obtain 

\\\U-'f\\l,^+u{\U-^fA^U-'f)Ll > (pi - ^) {XU~'f,U-'f)L2+p2{\^U''f,U~'f)Ll. 

Since it holds for every smooth and compactly supported functions, we deduce that for every 
> 0, we have almost everywhere with respect to a, 

X\x) + iyX^ix)\{x) > (pi - ^) X{x) + p2X^ix). 

In particular, by choosing 

u = P2{x{x) + ir\ 
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we obtain the following inequality on the spectral measures 

As a consequence, for any / € P(L^), 

(3.5) p2 I {-L^f)fdfi <-(p,--)( [ (-Lf)fdp+ [ {Lffdp 

Jm \ P2j \Jm Jm 



+ ( 1 + - 

P2 



[ {Lffdp+ [ {-Lf){L^f)dix 

JM JM 



By denoting 

Yi = p2{-L + Id)-^, 
we also deduce from 13.41 that for every / G T>{L), 



P2 I i-L^f){Rf)dp<-(p,--) [ -fLfdp+(l + -) [ {Lffdp. 
JM \ P2/ Jm \ P2/ Jm 



By using now the above inequality with —Lf + / instead of /, and using (j3.5p we obtain the 
desired inequality. 

□ 

Remark 3.5. The previous proof also shows the following inclusion of domains: 

P(L^) C V{L + L^) C V{L). 

As a consequence of the previous inequality , we obtain the following useful a priori bounds. 

Proposition 3.6. There exists a positive constant C = C{pi, p2, k) > such that for every 
smooth function f belonging to T>{Lp'), 

r^(/)d/x<c||/||^(^.), 
rf(/)d/x<C7||/|||,(^.), 
(r2(/) + rf (/) - (pi - k) r(/)) dp < c\\f\\l^^,y 

Proof. Let / G C^(M). According to Lemma [231 we have 

/ rUf)dp = - [ r^{f,Lf)dp<Ci\\f\\l(^^,y 

Jm Jm 

Then, we get 

/ T2{f)dp = - [ T{f,Lf)dp= [ (LP^-^'.- "^"2 
Jm Jm Jm 

and 



/ r2{f)dp = - / T{f,Lf)dp= / iLfydp<\\f\\',y 
Jm Jm Jm 

[ {Lffdp + vf LfL^fdp>(pi--) [ T{f,f)dp + p2[ T^{fJ)dp. 

Jm Jm ^ ^ Jm Jm 



which implies 



/ T^{f)dp<C2\\f\\l^L^y 

Jm 

Putting things together, we conclude that for / E C^(M), 

r^(/)d/x<c||/||^(^.). 
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/ (r2(/) + rf (/) - (pi - k) r(/)) < c||/||^(^.). 

The inequahties are then extended to the smooth functions of 'D{L?') by using the essential 
self-adjointness of L which implies the density of C^(M) in 'D{LP') and the same arguments as 
in Bakry [U [5]. The details are let to the reader. □ 

4. The heat semigroup and parabolic comparison theorems 

We now return to the general framework described in the introduction. Hereafter in this 
paper, M will be a C°° connected manifold endowed with a smooth measure /i and a smooth, 
locally subelliptic operator L satisfying LI = and (|1.3p . We indicate with r(/) the quadratic 
differential form defined by ()1.4p and denote by d{x, y) the canonical distance (II. 7p associated 
with such form. As we have said in the introduction throughout this paper we assume that 
(M, d) be a complete metric space. Furthermore, we assume that M be endowed with another 
smooth bilinear differential form, indicated with F^, satisfying (11. 9p above. We thus have, in 
particular, r^(l) = 0. As stated in the introduction, we assume that r^(/) > for every 
/ G C~(M). 

From (jl.Sp we have that, as an operator defined on Cq°(M), L is symmetric with respect to 
the measure ^ and non-positive: for / G Co°(M), < L/, / >< 0. 

Then, following an argument of Strichartz ^51j, Theorem 7.3 p. 246 and p. 261, by using the 
completeness of (M, d), we conclude that L is essentially self-adjoint on Cq°(M). As a conse- 
quence, L admits a unique self-adjoint extension (its Friedrichs extension). We shall continue 
to denote such extension by L. The domain of this extension shall be denoted by T>{L). 

Hereafter, for 1 < p < oo we will write LP(M) instead of LP(M, //). If L = — XdEx denotes 
the spectral decomposition of L in L^(M), then by definition, the heat semigroup {Pt)t>o is 
given by Pt = /q°° e~^*dE\. It is a one-parameter family of bounded operators on L^(M). Since 
the quadratic form Q{f ) = — < f, Lf > is a Dirichlet form in the sense of Fukushima [29], we 
deduce that {Pt)t>o is a sub-Markov semigroup: it transforms positive functions into positive 
functions and satisfies 

(4.1) Ptl < 1. 
This property implies in particular 

(4.2) l|-ft/llLi(M) ^ II/IIl1{M)i l|-ft/llL°°(M) < II/IIl°°(M)! 

and therefore by the Theorem of Riesz-Thorin 

(4.3) ||-ft/||LP{M) < II/IIlp(m), 1<P<oo. 

From the spectral definition of Pt, it is clear that for every t > 0, and every / G L^(M), 
Ptf G Voo{L) = nk>i'D{L^). Moreover, it can be shown as in [37] : 

Proposition 4.1. The unique solution of the Cauchy problem 

\uix,0) = fix), /G Lf(M),l<p<oo, 
that satisfies \\u{-,t)\\p < oo, is given by u{x,t) = Ptf{x). 

Due to the hypoellipticity of L the function {x,t) — )• Ptf{x) is smooth on M x (0,oo) and 

Ptfix) = [ p{x,y,t)f{y)dfi{y), f G Co^(M), 



where p{x,y,t) > is the so-called heat kernel associated to Pt. Such function is smooth and it 
is symmetric, i.e., 

P{x,y,t) =p{y,x,t). 
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By the semi-group property for every x,y gWI and < s,t, we have 
(4.4) p{x,y,t + s)= p{x,z,t)p{z,y,s)dfi{z) 



p{x,z,t)p{y,z,s)dfi{z) = Ps{pix,-,t)){y). 

I 

We first estabhsh a global comparison theorem in L^. 

Proposition 4.2. Suppose that M satisfy the Hypothesis LetT > 0. Let u,v:Mx[0, T] 
M be smooth functions such that: 



(i) For every t G [0,T], u{-,t) G L^iM) and \\u{-,t)\\2dt < oo; 



(ii) Jq II y/r{u){-,t) Wpdt < oo for some 1 < p < oo; 



(iii) For every t G [0, T], v{-,t) G L'^(M) and \\v{-,t)\\qdt < oo for some 1 < q < oo. 
1/ the inequality 

du 

Lu + — >v, 
ot 

holds on M X [0, T], then we have 

Ptu{-,T){x) >u{x,0) + [ Psv{-,s){x)ds. 

Jo 

Proof Let f,g £ C^{M), f,g >0. We claim that we must have 

(4.5) / gPT{fu{-,T))dii- [ gfu{x,0)d^i>-\\^/T{f)\\^ [ {Ptg)y^dfidt 

Jm Jm 

T r rT 







-|lVf(7)lloo / \\^/f{P;g)h\H-M2dt+ g Ptifvi;t))d^dt, 
Jo Jm Jo 

where for every 1 < p < oo and a measurable F, we have let ||-F||p = ||-^||lp(m)- To establish 
(j4.5p we consider the function 

0(t)= / gPt{fu{;t))dfi. 
Jm 

Differentiating (p we find 

ct,\t) = j^gPt{L{fu) + f^^ dpi 

= 1^ gPt {{Lf)u + 2r(/, u) + flu + f^ dix 

> [ gPt{{Lf)u + 2r{f,u))di^+ f gPt{fv)dfi. 
Jm Jm 

Since 



gPt{{Lf)u)d^i= / {Ptg){Lf)ud^i 

r{f,u{Ptg))dfi 



we obtain 



PtgT{f,u) + urif,Ptg)dfi 

<p'{t)> [ Ptgr{f,u)df,- [ uT{f,Ptg)dfi+ [ gPt{fv)dfi. 
Jm Jm Jm 
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Now, we can bound 



iPtg)rif,u)dfi 



< llvr(7)lloo / {Ptg)ViW)df^, 



and for a.e. t G [0, T] the integral in the right-hand side is finite in view of the assumption (ii) 
above. We have thus obtained 

'^'(t)>-|lA/r(7)lloo / iPtg)^/f^d^l - [ uT{f,Ptg)df,+ [ gPt{fv{;t))dfi. 
Jm Jm Jm 

As a consequence, we find 



gPT{fu{-,T))dij - I gfu{x,0)dfi 

-T 



>-\\Vnf)\i 
>-iiv^iic 
>-\\Vnf)\\c 



{Ptg)^/r^dfidt 



uT if, Ptg) dfidt + 







T 



T 



{Ptg)^/f{^diidt 



T 



gPt{fvi;t))dij.dt 

■T 

'0 



{Ptg)^/f(^diidt-\\^/f{r)\\oo / ||n(.,t)||2||v^f(7^||2dt 



g / Ptifvi;t))dtdfi, 



\u{-,t)\\2\\r{f,Ptg)\\2dt+ I gj Pt{fv{-,t))dtdii 
t-T 
'0 



which proves (j4.5p . Let now E C^(M) be a sequence as in Hypothesis II. li Using hk in place 
of / in (j4.5p . and letting /c — )• oo, gives 

gPT{u{-,T))di^i- [ gu{x,0)d^i> [ g [ Pt{v{-,t))dtdii. 
Jm Jm Jo 

We observe that the assumption on v and Minkowski's integral inequality guarantee that the 
function x — )■ Pt{v{-,t)){x)dt belongs to L'?(M). We have in fact 



PM-,t))dt 



dfi < 



T 



\Ptivi;t))\Uf, 



in fact 








dt < 


[ H;trdfx 


Jo 


Jm 



dt 



< TV 



j{-,t)\'^ dfidt] < oo. 



Since this must hold for every non negative g E C^(M), we conclude that 



Pt{u{-,T)){x)>u{x,0)+ I Ps{vi-,s)){x)ds, 
which completes the proof. 



□ 



The next theorem shows that Hypothesis 1 1 . 41 is redundant on complete sub-Riemannian man- 
ifolds with transverse symmetries of Yang- Mills type if the sub-Laplacian L satisfies the gener- 
alized curvature dimension inequality. 

Theorem 4.3. Let L be the sub-Laplacian on a complete sub-Riemannian manifold with trans- 
verse symmetries of Yang-Mills type. Suppose that L satisfies CD{pi, p2, k, d), for some pi G M. 
Then, the Hypothesis \1.4\ is satisfied. 

Proof. Let / G C^(M) and consider the functional 



m = Jr^iPT^tf). 
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We first assume that {x,t) T^{Ptf){x) > on M X [0,T]. From Proposition [3]6] we have 

G L2(M). Moreover r($)(t) = ^^^^p^^jf ■ So from Proposition [321 we have r($)(t) < 

rf (Pr_j/). Therefore, again from Proposition 13.61 . we deduce that r($)(t) G L^(M). Next, we 
easily compute that 

dt ^ V^HPr-tf) 4r^(PT-J)3/2- 

Thus, from Proposition \'6.2\ we obtain that 

— + LCD > 0. 

ot 

We can then use Proposition 14.21 to infer that 

'thptj) < pt y^)) ■ 

This implies that for every t > 0, T^{Ptf) G LP(M) for every 1 < p < oo. If (x, t) T^{Ptf){x) 
vanishes on M x [0,T], we consider the functional 

m=9e{T^{PT-tf)). 

where, for < e < 1, 

Qeiy) = yjy + e'^ -e. 

Since ^{t) G L^(M), an argument similar to that above (details are let to the reader) shows that 

ge{T^{PTf))<PT{ge{T^{f))). 

Letting e — )• 0, we conclude that 



'TZ[PTf) < Pt [\/r^{f)) ■ 
Proving that {x,t) — )• T(Ptf){x) is bounded is similar. For a G M, we consider the functional 



and first assume that {x,t) — )■ T{Ptf){x) does not vanish on M x [0, T]. From the previous 
inequality. Proposition 13.61 and Proposition 13.2^ it is seen that ^{t) G -L^(M) and y^T{^){t) G 
L1(M)+L2(m). Moreover, 

According to Proposition 13.21 we have for every / G C°°(M), and > 0, 



r(r(/)) < 4r(/) ( r2(/) + i^rf (/) - ( pi - ^ ) r(/) 



K 



Choosing = 2y^T(f) gives 



W) r(r(/)) 



^ 4r(/)3/^+2rf(/)>„vW)-f. 

We deduce 

^ + Lcl> > e--(^-*) ((a + p,WT{PT.tf) + aT^iPr^tf)) - f e^^^^-*). 
Therefore, by choosing a large enough we obtain 
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As a consequence of Proposition 14.21 ^6 find 

,/TW) + T^{PTf) < (Pt(^^(/)) + PT(r^(/))) + ^e^^ j\Psl)ds. 
Since P,! < 1, we conclude therefore: 



yfCFVT) + T^iPrf) < e"^ (Pr( (/)) + PT(r^(/))) + ^Te'^^- 

This implies that {x,t) r(Pt/)(rc) + r^(PJ)(x) G L°^(M x [0,T]). If (x,t) ^ r(Pt/)(x) does 
vanish on M x [0,T], then we consider the C°° approximation of the square root as above. 

We now prove that Pjl = 1, that is that Pt is stochastically complete. A first consequence of 
the fact that for every / G C^(M), and T > 0, {x,t) T{Ptf){x)+T^ {Ptf)ix) G L~(Mx[0,r]) 
is that in Proposition 14.21 we can now allow u to be in L^. More precisely, under the very same 
assumptions as in Proposition 14.21 where (i) is replaced by: For every t £ [0,T], u{-,t) G L^{M.) 
and Jq ||n(-, < oo, we still have the conclusion 

PrK-,T))(x) > u{x,0) + [ Ps{v{-,s))ix)ds. 



The proof of this fact is identical to that of Proposition 14.21 With the notations of this proof, 
T{P.g) G L°°([0,r] X M) is used to obtain the following bound 



T 



uT (/, Ptg) djidt 



T 



<\\VW)\\oo ||VlWlloo||n(-,f)||idi. 



This leads to an inequality where ()4.5p is replaced by 



T 



(4.6) / gPT{M;T))dfi- / 5Mx,0)d^> -||v/f(7)||oo / / {Ptg)VT{u)di2dt 

I Jm Jo Jm 

IIV^Iloo / \\Vf{P^\UH;t)\\ldt+ I g r Pt{M;t))dfldt. 



At this point the argument proceeds exactly as in the conclusion of the proof of Proposition 14.21 
With this comparison result in hands, we can now come back to the stochastic completeness 
problem. Let / G C^{Wl) and consider the functional 

u{x,t) = e-(^-*) {r{PT-tf){x) + T^{PT-tf){x)) . 

We have 

Lu{x,t) = e"(^-*) {LT{PT-tf){x) + LT^{PT-tf){x)) , 

and 

-^{x,t) = -au{x,t) - 2e-(^-*) {r{PT-tf, LPT-t){x) {Pr-tf, LPT-t){x)) . 
Therefore we have 

Luix,t) + ^ix,t) = -a^/(x,t) + 2e-(^-*) (r2(PT- + Pf (Pt- J)(x)) . 

By using now the inequality CD(pi, p2, K,d) with = 1, we obtain 

du 
di 

By choosing a < 2min{/)2,pi — k}, we thus get 



Lu{x,t) + —ix,t) > e"(^-*) ((2(pi -k)- a)T{PT-tf)ix) + (2p2 - a)r^(PT-t/)(x)) . 



du , 

Lu{x,t) + -g^{x,t) > 0, 
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and we conclude by using the version of Proposition 14.51 that 

(4.7) T{Ptf) + r^(Pt/) < e-"* (PtVif) + PtT^if)) . 

We are now ready for the final argument leading to the stochastic completeness. Let f,g €z 
C^iM), by (1131) and 1^ we have 

/ {Ptf - f)gdfi = f I i^Psf] gdiids = f I {LPJ)gdfids = - f I T{PJ, g)dfids. 
Jm Jo JM VCs / Jo Jm Jo Jm 

By means of Cauchy-Schwarz inequality and (j4.7|) . we find 

(4.8) / {Ptf-f)gdfi <( fe-^ds) A/||r(/)|U + ||r^(/)|U / r{g)U^i. 
Jm \Jo / Jm 

We now apply ()4.8p with f = hk, where hk is the sequence whose existence is postulated in the 
Hypothesis (jl.ip . and then let k — t- oo. By Beppo Levi's monotone convergence theorem we 
have Pthk{x) P(l(a;) for every x G M. We conclude that the left-hand side of (14. Sh converges 
to Jjyj(P(l — l)gdii. Since in view of the Hypothesis (ll.ip the right-hand side converges to zero, 
we reach the conclusion 



/ 

Jm 



{Ptl - l)gdii = 0, geC^i^ 

Jw. 

It follows that Ptl = l. 



□ 



We point out that the stochastic completeness of the heat semigroup is classically equivalent 
to the uniqueness in the Cauchy problem for initial data in L°°(M). Following the classical 
approach (see for instance Theorem 8.18 in |31)). we in fact obtain: 



Proposition 4.4. Suppose that M satisfy Hypothesis li.il Hypothesis \l-4\ Then, for every 
f G L°°(M) the Cauchy problem 

{Lu — ut = 0, inMx (0, oo), 
n(x,0) = /(x), /GL-(M), 

admits a unique bounded solution, given by u{x,t) = Ptf{x). 

We state the following global parabolic comparison theorem that will be easier to use 
that Proposition 14.21 because it does not require a priori bounds on the derivatives. 



Proposition 4.5. Suppose that M satisfy Hypothesis\r^ Let T > 0. Let u,v : Mx[0,T] R be 
smooth functions such that for every T > 0, supjg[o,T] ll'"(") *)l|oo < oo, sup^g[o,T] ll^(")^)l|oo < oo; 
Lf the inequality 



du 

Lu + — >v 
ot 



holds on M X [0,T], then we have 



Pt{u{;T)){x) > U{X,0) + I Ps{v{;s)){x)ds. 

Jo 

Proof. Let (Xf )t>o be the diffusion Markov process with semigroup {Pt)t>o and started at x G M 
(see for instance Chapter 7 in [29J for the construction of such process). From Pjl = 1, we deduce 
that {X^)t>Q has an infinite lifetime. We have then for i > 0, 



u{Xf,t) = u{x,0) 



1^ [lu+^^ {Xf,s)ds + Mt, 
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where (M()t>o is a local martingale. Prom the assumption one obtains 

u{Xf,t) >u{x,0) 



[ v{X^,s)ds + Mt. 
Jo 



Let now (T„)„gN be an increasing sequence of stopping times such that almost surely r„ — )• +00 
and {MtATn)t>o is a martingale. From the previous inequality, we find 

E (n {Xf^T„,t ATn))>u (x, 0) + E ^ v{X^, s)ds 
By using the dominated convergence theorem, we conclude 

E{u{Xf,t)) >u{x,0)+e(^J^ v{X^,s)ds' 

which yields the conclusion. □ 

For later use, we also finally record the following gradient bounds that are consequences of 
Hypothesis II. 4i 

Corollary 4.6. Suppose that L satisfies CD{pi, p2, K,d), for some pi G M and that Hypothesis 
\1.4\ is satisfied. There exists a £ M (a < 2min{p2;Pi — will do), such that for every f £ 
C^(M), one has 

(4.9) TiPtf) + r^iPtf) < e-"* (PtTif) + PtV^if)) . 
As a consequence, for every f G C^(M) and 1 < p < 00 one obtains 

(4.10) ||r(Pt/)||z.P(M) < e-"* (||r(/)||iP(M) + l|r^(/)llLP{M)) , t>o. 

and 

(4.11) \\r^iPtf)\\LP(M) < e-"* (l|r(/)kp(M) + l|r^(/)llLP{M)) , * > o. 

Proof. The proof identical to the proof of ()4.7p except that we now use Proposition 14.51 □ 

5. EnTROPIC VARIATIONAL INEQUALITIES 

Our objective in this section is proving a fundamental variational inequality which will play 
a pervasive role in our study, see Theorem 15.21 below. We begin with some preliminary results. 
Henceforth, we wiU indicate C^{M) = C°°(M) n L°°(M). 

Lemma 5.1. Let f € C^(M), / > and T > 0, and consider the functions 

M^,t) = {PT^tf){x)r{lnPT-tf){x), 

Mx,t) = {PT-tf){x)T^{lnPT^tf){x), 
which are defined on M x (— oo,r). We have 

L4>i + ^ = 2{PT^tf)T2{lnPT^tf). 



If, furthermore, the Hypothesis (jl.2p is valid, then 

Lcl)2 + ^ = 2{PT-t f )r I {In Pr-tf). 
Proof. Let for simplicity g{x,t) = Px^tfix). A simple computation gives 

at g 

On the other hand, 

L(/<i = LgT{lng)+gLT{lng) + 2r{g,r{ln g)). 
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Combining these equations we obtain 

L<t>i + ^= gLTilng) + 2r{g,r{lng)) + 2gr{lng, ^) 
From (jl.lOp we see that 

2gr2{lng) = g{Lr{lng) - 2r {In g,L {In g))) 
= g LT {In g)-2gT {In g,L{lng)). 



Observing that 



we conclude that 



L{\ng) = , 

r 9 



L<l)i + ^ = 2{PT-tf)T2{lnPT-tf). 
In the same vein, we obtain 

Lct>2 + ^= gLTilng) + 2T{g,T\\ng)) + 2gT\\ng, 

dt g 

On the other hand, this time using (jl.lip . we find 

2grl{lng) = g{LT^{lng) - 2r^ {Ing, L{lng))) 

= gLr^{lng) + 2gr^{lng, ^) + 2gr^{lng, 

g^ g 

From this latter equation it is now clear that, if the Hypothesis (II. 2p is valid, then 



L<P2 + ^ = 2grl{lng). 



This concludes the proof. 



□ 



We now turn to our most important variational inequality. Given a function / G (M) and 
e > 0, we let fs = f + e. 

Suppose that T > 0, and x G M be given. For a function / G C^(M) with / > we define 
for t G [0,r], 

^l{t) = Pt {{PT-tfe)T{\nPT-tfe)) , 
$2(t) = Pt i{PT-tfe)r^{lnPT-tfe)) ■ 

Theorem 5.2. Suppose that the Hypothesis \1.SX be satisfied and that the curvature- 
dimension inequality ([112]) hold for pi G M. Let a,b e C^{[0,T], [0,oo)), 7 G C((0,T),M) be 
such that a' + 2pia — 2k^ — b' + 2p2a, 07,07-^ be continuous functions on [0,T]. Given 
f G C^(M), with f >0, we have 

a{T)PT {feT{lnf,)) + 6(T)Pt (/er^(ln/,)) - a{0){PT fe)T {In Prfs) - b{0)T^ {In Prfs) 

> 



+ 2pia - 2Ky - ^ids + {b' + 2p2a)^2ds 

+ (1 [a;is)LPrf,-{lfa-,^is)PrU 
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Proof. Let / G C~(M), / > 0. Consider the function 

cl){x,t) = a{t){PT-tf){x)T{\nPT-tf){x) + b{t){PT-tf){x)T^ {\^PT-tf){x). 
Applying Lemma |5. II and the curvature-dimension inequahty p.l2p . we obtain 

L^ + % = a' {Pr-t f )r (In Pr-tf) + b' {PT-tf)T^ (In Pr-tf) 



+ 2a{PT-tf)r2{lnPT-tf) + 2b{PT-t f )r I [In Pr-tf) 
> (a' + 2pia - 2k^^ {PT-tf)T{\nPT-tf) 
+ {h' + 2p2a){PT-tf)T^{\nPT-tf) 



But, 
and 

Therefore, 



+ '^-^{PT-tf){L{\nPT-tf)f. 

{L{\nPT-tf)f > 27L(lnPT-t/) - l\ 
LilnPr^J) = - r(lnPT-J). 

^T-tJ 

L<p+^>(^a' + 2p,a - 2k^ - ^) {Pr-t f )r {In Pr-tf) 
+ (b' + 2p2a){PT^tf)r^ {In Pr-tf) 

If now / G C^(M), / > 0, we obtain the same differential inequality if we use instead of / 
throughout. At that point we apply Proposition 14.51 to reach the desired conclusion. 

□ 

The following corollary is of particular importance. 

Corollary 5.3. Under the same assumptions of Theorem \5.^ let b : [0,T] — t- [0,cxd) be a non- 
increasing function such that, with 

1N def d fb" Kb' 

the functions b'^jb'j"^ be continuous on [0,T]. Then, we have for f G C^{I 
(5.2) -^Pt (/er(ln/,)) + b{T)PT (/.r^(ln/,)) 

+ ^^{PTfe)r{lnPTfe) " b{0)T^ {In Prfe) 

2p2 

Proof. We choose a : [0, T] — t- [0, cxd) of class C"^ so that 

b' + 2p2a = 0. 

With this choice, and with 7 defined by (|5.1|) . we obtain 
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Applying Theorem 15.21 with these a, b and 7, we immediately reach the desired conclusion. 

□ 



6. Li-Yau type estimates 

In this section, we extend the celebrated Li-Yau inequality in [38] to the heat semigroup asso- 
ciated with the subelliptic operator L. Let us mention that, in this setting, related inequalities 
were obtained by Cao-Yau [16]. However, these authors work locally and the geometry of the 
manifold does not enter in their study. Instead, our analysis in based on the entropic inequalities 
established in Section [5] and, consequently, it hinges crucially on our curvature-dimension in- 
equality p.l2p . As we have shown in the discussion of the examples in Section [21 such inequality 
is deeply connected to the sub-Riemannian geometry of the manifold. We have mentioned in 
the introduction that, even when specialized to the Riemannian case, the ideas in this section 
provide a new, more elementary approach of the Li-Yau inequalities. For this aspect we refer 
the reader to the paper 



Theorem 6.1 (Gradient estimate). Assume the Hypothesis \l.ll [L^\1.4\ and that the curvature- 
dimension inequality (11.12P be satisfied for pi G R. Let f S C^(M), / > 0, / ^ 0, then the 
following inequality holds for t > 0.' 



3 ' - \ 2p2 3 J Ptf 6 2 \ 2p2j 2t 

Proof. We apply Corollary 15.31 in which we choose b{t) = (T — t)^. With such choice, (|5.ip gives: 

7(t) = ^(«-^(l + ^)), 

and thus ^'7, ^'7^ G C([0,t]),M). Simple calculations give 

and 

r !^ (1^-^ - - V' ^ ■ 

Using the latter two equations in ()5.2p and letting e — )• 0, by the arbitrariness of T > we 
obtain the desired conclusion. 

□ 

Remark 6.2. We notice that when pi > p'^, then one trivially has that: 

C'D{pi,p2,K,d) =^ CD{p[,p2,K„d). 

As a consequence of this observation, when ()1.12p holds with pi > 0, then also CD{0, p2, n,d) is 
true. Therefore, when pi > 0, Theorem \6.1\ gives in particular for f G C^(M), / > 0, 

(0.1) r(inm + ^itrHinP.j)<(i + p-)!^ + ''^'^^^ 



2p2j Ptf 2t 

However, this inequality is not optimal when pi > 0. It leads to a optimal Harnack inequality 
only when pi = 0. Sharper bounds in the case pi > will be obtained in (jl0.4p of Proposition 
\10.S\ below by a different choice of the function b{t) in Corollary 15.31 
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Remark 6.3. Throughout the remainder of the paper the symbol D will only be used with the 
following meaning: 

(6.2) ° = <1^S)- 

With this notation, observing that the left-hand side of (16. ip is always nonnegative, and that 
LPtf = dfPtf , when pi > we obtain 

(6.3) 5t(ln(t^/2p,/(x))) > 0. 

By integrating (16. 3p from t < 1 to 1 leads to the following on-diagonal bound for the heat kernel, 

(6.4) p{x, X, t) < j^p{x, X, 1). 

The constant y in (j6.4p is not optimal, in general, as the example of the heat semigroup on a 
Carnot group shows. In such case, in fact, one can argue as in [27j to show that the heat kernel 
p{x,y,t) is homogeneous of degree — y with respect to the non-isotropic group dilations, where 
Q indicates the corresponding homogeneous dimension of the group. From such homogeneity of 
p{x,y,t), one obtains the estimate 

p{x,x,t) < ^^p{x,x, 1), 

which, unlike (16. 4p . is best possible. In the sub-Riemannian setting it does not seem easy to 
obtain sharp geometric constants by using only the curvature- dimension inequality ()1.12p . This 
aspect is quite different from the Riemannian case, for which the CD(/3i,n) inequality (|1.2p does 
provide sharp geometric constants (see ^S^jj- However, in such case our bound (j6.4p is sharp 
as well, since if d = n = dim{M), and k = 0, then ()6.2p gives D = n. 



7. A PARABOLIC HARNACK INEQUALITY 

In this section we generalize the celebrated Harnack inequality in [38] to solutions of the heat 
equation Lu — ut = on M which are in the form u{x, t) = Ptf{x), for some / E C^(M), / > 0. 
Theorem 1 7 . 1 1 b elow should be seen as a generalization of (i) of Theorem 2.2 in [38], in the case 
of a zero potential q. One should also see the paper [16], where the authors deal with subelliptic 
operators on a compact manifold. As we have mentioned, these authors do not obtain bounds 
which depend on the sub-Riemannian geometry of the underlying manifold. 

Theorem 7.1. Assume the Hupothesis M.li [L^\1.4\ and that the curvature- dimension inequality 
(|1.12p be satisfied for pi > 0. Given {x, s), {y,t) G M x (0, oo), with s < t, one has for any 

f G c^m, / > 0, 

t\^ fDd{x,yf 



(7.1) Psf{x)<Ptf{y)[-] exp 



s J " V d 4(t 

Proof. Let / G Cq°(M) be as in the statement of the theorem, and for every (x, t) G M x (0, oo) 
consider u{x, t) = Ptf{x) . Since Lu = in terms of u the inequality (j6.ip can be reformulated 
as 

rn \^'^P^,rZn , ^ , 3k ^logu ^[l + ^j 
r(lnu) + — tr (lnu)<(l + - — ) — — h 



3 ^ ' ~ ^ 2p2 dt 2t 
Recalling (j6.2p . this implies in particular. 



N 9 Inn d ^.^ ^ D 

(T.2) -^^-D^^'^^^^Yf 
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We now fix two points (x, s), {y, t) G M x (0, oo), with s < t. Let 7(r), < r < T be a subunit 
path such that 7(0) = y, ^{T) = x (for the definition of subunit path see [25]). Consider the 
path in M X (0, 00) defined by 

a{r) = {l{T),t+^-^T\ 0<T<T, 



so that q(0) = a(T) = (x,s). We have 

u{x,s) r d . / ^^ , 
in — ; -= / — inu a r (XT 



< 



^ /, / / N N N 1 t — s (9 In ti , , , , 
T{\nu{a{T)))-2 - — 



dr. 



Applying (j7.2p for any e > we find 



-h^^Uo ~i^~^Io 

D{s-t) dr 



2T Jo t + ^r' 
If we now choose e > such that 

e d t — s 



2 D T ' 

we obtain from the latter inequality 

^ - d 4(t-s) 2 

where we have denoted by isi^) the sub unitary length of 7. If we now minimize over all 
subunitary paths joining y to x, and we exponentiate, we obtain 

(Dd{x,yf 



u{x,s) < u{y,t) I - exp 



sj \dA{t-s) 

This proves (fTTT]) when / G C^(M). We can then extend the result to / G C^(M) by considering 
the approximations hnPrf G C^(M) , where hn G C^(M), hn > 0, hn — 7>n-s>oo 1 and let n — )• 00 
and T — )• 0. 

□ 

The following result represents an important consequence of Theorem 17.11 



Corollary 7.2. Suppose that the Hypothesis be valid, and that the curvature- 

dimension inequality (I1.12p be satisfied for pi > 0. Let p{x,y,t) be the heat kernel on M. For 
every x,y,z G M and every < s < t < 00 one has 

t\^ (Dd{y,z) 



p{x,y,s) <p{x,z,t) - exp 



sJ \d4{t-s) 

Proof. Let r > and x G M be fixed. By the hypoellipticity L—dt, we know that p{x, •, •+r) G 
C°°(M X (-T,oo)), see ^26]. From (133D we have 

p(x,y,s + T) = Ps{p{x,-,T)){y) 

and 

p{x,Z,t + T) = Pt{p{x,-,T)){z) 
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Since we cannot apply Theorem 17.11 directly to u{y,t) = Pt{p{x, •,T))(y), we consider Un{y,t) = 
Pt{hnp{x, •,T))(y), where /i„ G C^(M), < /i„ < 1, and K / 1. From ([73]) we find 

Letting n — )■ oo, by Beppo Levi's monotone convergence theorem we obtain 

, / A ^ f D d{y,zf 
p[x,y,s + T)<p{x,z,t + T)\-\ exp ' 



Ps{hnp{x,-,T)){y) < Pt{hnp{x,-,T)){z) - exp 



s J " \dA{t- s] 



The desired conclusion follows by letting r — t- 0. 



□ 



8. Off-diagonal Gaussian upper bounds for p{x,y,t) 

Suppose that the assumption of Theorem 17.11 are in force. Fix x € M and t > 0. Applying 
Corollary 17.21 to {y,t) — )■ p{x,y,t) for every y G B{x, \/t) we find 

p{x,x,t) < 2^e4d p{x,y,2t) = C{p2, K,d)p{x,y,2t). 
Integration over B{x, \/t) gives 

p{x, x, t)fi{B{x, Vi)) < C{p2, K, d) I p{x, y, 2t)dfi{y) < C{p2, k, d), 
where we have used Ptl < 1. This gives the on-diagonal upper bound 

C{p2,K,d) 



• 1) p{x, X, t) < 



piB{x,Vi)y 



The aim of this section is to establish the following off-diagonal upper bound for the heat 
kernel. 

Theorem 8.1. Assume the Hvpothesis \l . 1\[T7B.\1 .4\ and that the curvature- dimension inequality 
(|1.12p be satisfied for pi > 0. For any < e < 1 there exists a constant C{p2, K;d,e) > 0, which 
tends to oo as e — >■ such that for every x,y and t > one has 

p{x,y,t)< C{d,.,p2,e) ^^^^f d{x,y? 



p{B{x,^t))-2p{B{y,^t))2 \ (4 + e)t 

Proof. We suitably adapt here an idea in p£j for the case of a compact manifold without bound- 
ary. Since, however, we allow the manifold M to be non-compact, we need to take care of this 
aspect. Corollary 14.61 will prove crucial in this connection. Given T > 0, and a > we fix 
< T < (1 a)T. For a function V S C^f (M), with > 0, in M x (0, r) we consider the 
function 



/(y, t) = / p{y, z, t)p{x, z, T)ij{z)dfi{z), xeM. 
Jm 

Since / = Pt{p{x, ■,T)Tp), it satisfies the Cauchy problem 

iLf-ft = inMx(0,T), 
\fiz,0)=pix,z,T)ijiz), zeM. 

Notice that by the hypoellitpicity oi L — dt we know y — t- y, T) is in C°^(M), and therefore 
p{x,-,T)'ip £ L°°(M). Moreover, (j43]) gives 



|Pi(p(x,-,r)V')||i2(M) < IIP(a^'-'^)V'lli2(M) = / p{x,z,Tf'4){z)dp{ 

Jm 



z) < oo. 
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and therefore 
(8.2) 
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f{y,t) dfi{z)dt < T / p{x,z,T) il) {z) d ^{z) dt < oo. 



Invoking (14.90 in Corollary 14.61 we have 

r(/)(z,t) < e-°* (Ptr(p(x,-,T)V')(z) + Ptr^(p(x,-,r)v)(z)) . 

This allows to conclude 

(8.3) / f r{f ){z, tf dn{z)dt <oo. 

Jo Jm 

We now consider a function g G C^([0, (1 + Q)r], Lip^(M)) n L°^(M x (0, (1 + a)T)) such that 
(8.4) 
Since 



^>^T{g), onMx (0,(l + a)T). 



(L - |)/2 = 2/(L - |)/ + 2T{f) = 2T{f), 

multiplying this identity by /i^(y)e^''^'*^, where /i„ is a sequence as in Hvpothesis 11.11 and inte- 
grating by parts, we obtain 



= 2 r / hyTif)dis{y)dt- r [ hle<^{L-^)fdfiiy)dt 
Jo Jm Jo Jm cit' 



= 2 
+ 2 



hle^T{f)dn{y)dt + 4 
hle<^fr{f,g)dfi{y)dt- 



Ke'^ fT{hn, f)dfi{y)dt 
Ke3 f^^d^{y)dt 



Ke^fdi^iy) 



t=o 



+ / Ke<^fd^liy) 
Jm 



t=T 



>2 r [ hle^ fr(/) + ^T{g) + fr{f,g)) df,{y)dt + 4 T / /i„eVr(/i„, 
JO JM V 4 / Jo Jm 

+ [ Ke3fdf,{y) - [ Ke^pdfiiy) 
Jm t=T Jm 



f)dKy)dt 



where in the last inequality we have made use of the assumption (j8.4p on g. From this we 
conclude 



Ke^fdixiy) 
We now claim that 



t=T 



< I hne'fdf,{y) 



t=0 JO 



hnC^ fT{hn, f )dn{y)dt. 



Ke3fT{KJ)dfi{y)dt = 0. 
To see this we apply Cauchy-Schwarz inequality which gives 



lim 

ra— >oo 



< 



Ke3 fr{hn, f)dis{y)dt 



^3 fT{K)d^,{y)dt 



< 



hle3fr{K)df,{y)dt 



e3rif)dfiiy)dt] ^0 



e<^Tif)df,{y)dt 



as n — )• oo, thanks to (|8.2p . (j8.3p . With the claim in hands we now let n — )• oo in the above 
inequality obtaining 



.5) 



M 



s^(^'"V'(y,r)d/i(y)< / ef(j^'0)/2(y,0)dM(?/) 
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At this point we fix x G M and for < t < r consider the indicator function 1^^^ of the ball 



B(x,\/1). Let ■i/'fc S C^{Wl), ■i/'fc > 0, be a sequence such that ^pf^ 
supp ipk C B{x, 100\/t). Slightly abusing the notation we now set 



in L^(M), with 



f{y,s) = Ps{p{x,-,T)l^,n.){y)= / p{y, z, s)p{x, z,T)dfi{z) 

^ JB(x,Vt) 

Thanks to the symmetry of p{x, y, s) = p{y, x, s), we have 

p{x,z,Tfdfi{z). 



i.6) 



f{x,T) 



Applying (l83|) to fk{y,s) = Ps{p{x, ■,T)'tpk){y), we find 



i.7) 



At this point we observe that as A; — )• oo 

Jm 

< 2||e5(-'^)||^cx,(M)||p(2;,-,r)||i2(M)||p(x,-,r)||^oc(B(^_n0v^)) 
By similar considerations we find 



0. 



< 2||e^(''°)||ioo(M)||p(a;,-,r)||^oo(B(^^iioV7))||'i/'fc - lij(x,v^)llL2(M) ^ 0. 



Letting A; — )• oo in (j8.7p we thus conclude that the same inequality holds with replaced by 
f{y, s) = Ps{p{x, -jT)!^^^ ^t))(yy This implies in particular the basic estimate 



inf e^^^'^) 
zeB{x,^) 



f{z,T)dfi{z) 



< 



B(x,Vi) 

e9Mf{z,T)d^i{z)< I e3^''^^fiz,T)dfi{z) 



lB(x,Vt) 

< [ e9("'0)/2(z,0)d/i(z) 



JM 

< sup e^(^'°) 

z&B{y,Vt) 



At this point we choose in (jS.Sp 

9(.y,t) = 9x{y,t) 



'B{y,Vt) 

p{x,z,Tfd^x{z). 

d{x,yf 



2{{l + 2a)T -t) 

Using the fact that T[d) < 1, one can easily check that (|8.4p is satisfied for this g. Taking into 
account that 

inf (^9x(Z,T) _ •j^£ g 2((l + 2a)T-r) > g 2((l + 2a)T-r) ^ 

zeB{x,Vi) zeB{x,Vt) 

if we now choose r = (1 + a)T, then from the previous inequality and from (18. 6p we conclude 
that 



(8.9) 



f\z,{l + a)T)dfi{z) < \ sup e 2(i+2^)t + 2«t 

Bix,Vi) \zGBiy,Vt) 



Biy,Vt) 



p{x,z,Tfdfi{z). 
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We now apply Theorem 17. II which gives for every z G -B(x, \fi) 

f{x,Tf < f{z,{l + a)Tf{l + af^^^^^e^^. 
Integrating this inequality on B{x, \/t) we find 

If o \ o (1 + a)^ "^'e 2J f 
/ p{x,z,Tfdf^{z)] =f{x,Tf< ^ " / f{z,{l+a)T)df^{z). 

\JB{y,Vt) J fi{B{x,Vt)) JB{x,Vt) 

If we now use (|8.9p in the last inequality we obtain 



p{x,z,Tydfi{z) < sup e 2(i+2«)T + 2aT 

B(y,Vt) n{B{x,Vt)) \zeB{y,Vi) 

Choosing T = (1 + a)t in this inequality we find 

(8.10) 

f 2 (1 -I- Q.)"^-'^2p2''g2c(l+c,)+2c«(l+a) 

/ p{x,z,{l + a)t) dfi{z) < — 

We now apply Corollarv 17.21 obtaining for every z G B{y, y/t) 



gyp g 2(l + 2a){l + Q,)t ^ 2a(l + Q) 

z€B{y,Vt) 



( 3k A / 1 + 

y, t)^ < z, (1 + a)t)2(l + afy^^"^) exp ' 



2a 



Integrating this inequality in 2: G B{y, \/t), we have 



^i{B{y,Vi))p{x,y,tf <{l + af^^^^^2)e^^ f p{x, z, {I + a)tfdfi{z). 
Combining this inequality with (|8.10p we conclude 

d _|_ Q;)^^2p2^g 4Q(l + a) ^4Q(l + a) / d{x,zy \ 

p{x,y,t)<- J J sup e 2(i+2c.)(i+<.)t 1 

n{B{x,Vi))^n{B{y,Vt))^ \zeBiy,Vt) J 

If now X G B{y, \/t), then 

z)2 > {d{x, y) - Vtf > d{x, yf - t, 

and therefore 



sup e 2(l + 2a){l + a)t < g 2(l + 2a) (l + c) g 2(1 + 2q,) + _ 
2eB{j/,V^) 

If instead x -B(y, Vi), then for every 5 > we have 

d{x, zf > (1 - yf - (1 + r 

Choosing 5 = a/(a + 1) we find 

d(x,z)2>^i^-(2 + a-i)t, 
1 + a 



and therefore 



'2(l + 2Q)(l + a)i < g 2(l + 2a){l + Q)2t ^2(l + 2Q)(l + a) 



sup e 

2eB(s/,v^) 

For any e > we now choose a > such that 2(1 + 2a) (1 + af = 4 + e to reach the desired 
conclusion. 
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□ 

9. A GENERALIZATION OF YAU'S LiOUVILLE THEOREM 

In his seminal 1975 paper [55j, by using gradient estimates, Yau proved his celebrated Liouville 
theorem that there exists no non-constant positive harmonic function on a complete Riemannian 
manifold with non-negative Ricci curvature. The aim of this section is to extend Yau's theorem 
to the sub-Riemannian setting of this paper. An interesting point to keep in mind here is that, 
even in the Riemannian setting, our approach gives a new proof of Yau's theorem which is 
not based on delicate tools from Riemann geometry such as the Laplacian comparison theorem 
(jl.l4p for the geodesic distance. However, due to the nature of our proof at the moment we are 
only able to deal with harmonic functions bounded from two sides, whereas in |55) the author 
is able to treat functions satisfying a one-side bound. In the sequel paper [13j we will remove 
this restriction. 

We begin with a Harnack type inequality for the operator L. 

Theorem 9.1. Assume the Hypothesis \1. 11 [L^\1.4\ and that the curvature- dimension inequality 
()1.12p be satisfied for pi >0. Let < f < M be a harmonic function on M, then there exists a 
constant C = C{p2, K,d) > such that for any xq G M and any r > one has 

sup f < C inf /. 

Proof. We know that / G C^(M), and / > 0. Applying Theorem 17.11 to the function u{x,t) = 
Ptf{x), we obtain for x,y £ B{xQ,r) 

Psf{x) < Ptf{y) 0) ' exp (j^^yj ' < s < t < oo. 

At this point we observe that, thanks to the assumption Lf = 0, the functions u{x,t) = Ptf{x) 
and v{x,t) = f{x) solve the same Cauchy problem on M. By Proposition 14.41 we must have 
Ptf{x) = f{x) for every x G M and every t > 0. Therefore, taking s = r^,t = 2r^, the latter 
inequality gives 

f{x)<[V2e^^ f{y), x,yeB{xo,r). 

n 

Theorem 9.2 (of Cauchy-Liouville type). Under the same assumptions of Theorem \9.1l there 
exist no bounded solutions to Lf = on M, other than the constants. 

Proof. Suppose a < / < 6 on M. Consider the function g = /—inf /. Clearly, < g < M = b—a. 

M 

If we apply Theorem 19.11 to g we find for any xq G M and r > 

sup g < C inf g. 

B{xo,r) B(xo,r) 

Letting r — )• cxd we reach the conclusion sup / = inf /, hence / = const. 

M M 

□ 

10. A sub-Riemannian Bonnet-Myers theorem 

Let (M, g) be a complete, connected Riemannian manifold of dimension n > 2. It is well- 
known that if for some pi > the Ricci tensor of M satisfies the bound 

(10.1) Ric>(n-l)pi, 

then M is compact, with a finite fundamental group, and diam(M) < This is the celebrated 



Myer's theorem, which strengthens Bonnet's theorem. Like the latter, Myer's theorem is usually 
proved by using Jacobi vector fields (see e.g. Theorem 2.12 in [18]). 
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A different approacli is based on tlie curvature-dimension inequaiity CD((n — l)/?i,n), wiiich 
as we liave seen, one obtains from (jlO.ll) (see (11. 2p ). When n > 2, in the paper |36] (see also 
[9]) Ledoux uses ingenious non-hnear methods, based on the study of the partial differential 
equation 

c{r-'-f) = -Af, i<p< — -, 

n — 2 

to deduce from the curvature-dimension inequality CD((n — l)pi,n) the following Sobolev in- 
equality 

2/p 



(10.2) 



n 



{n-2)pl 



< / r(/)d/i, /gCo-(m), 
Jm 



where /U is the Riemannian measure. By a simple iteration procedure, the author shows from 
(jl0.2p that the diameter of M is finite and bounded by The non-linear methods in 



seem difficult to extend to the framework of the present paper. 

A weaker version of the Myers theorem was proved by Bakry in [5] by using linear methods 
only. We have been able to suitably adapt his approach, based on entropy-energy inequalities 
(a strong form of log-Sobolev inequalities). In this section we establish the following sub- 
Riemannian Bonnet-Myer's compactness theorem. 

Theorem 10.1. Assume the Hypothesis \l.l\ [T7^\1.4\ and that the curvature-dimension inequal- 
ity (11.12P be satisfied for pi > 0. Then, the metric space (M, d) is compact and we have 



diam 



< 



vr 



2\/34 ( — + D = iVStt 



P2 



I P2 + 1^ 
PlP2 



3k , , 



The proof of Theorem 110.11 will be accomplished in several steps. In the remainder of this 
section we will tacitly assume the hypothesis of Theorem llO.il 



10.1. Global heat kernel bounds. Our first result is the following large-time exponential 
decay for the heat kernel. 

Proposition 10.2. Let < ly < ^^^^ . There exist to > and Ci > such that for every 
f e C^m, f > 0: 



d 

— InPtfix] 
dt ^ 



< Cie 



Proof. In Corollarv l5.3t we choose 

h{t) = (e""* 



-ut 



-aT\ 



X gU, t>to. 



0<t<T, 



with /3 > 2 and q > 0. With such choice a simple computation gives, 



7(t) 



2pi — a/3 — a/3 e 

P2 



Keeping in mind that h{T) = h'{T) = 0, and that 6(0) = (l-e""^)^, 6'(0) 
we obtain from (15.21) 



-a/3(l- 



-aT 



(10.3) 



a/3(l 



-aT 



> 



P2 \Jo 



2p2 

T 



-TilnPTf) - (1 - e-"^ )^r^(lnPT/) 



T 



h'{t)-i{tfdt . 
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Now, 

£ b'it)j{t)dt = - ^ (2^1 -a/3- aPj^ (1 - e-^^f 

^ b'{t)j{tfdt = -f- f 2pi - a/3 - aP-\ ' (1 - e'^^f 
16 V P2J 



■qT\/3-1 



^2 2pi -a/3-a/3^ a/3 - a + a/3^ 

+ — ^ ^^^4 ^e-°^ (1 - e-'^' Y 

8 1- ^ 

j2 (a/3 - a + a/3-^ ) 



16 1-1 



If we choose 



2piP2 

a 



then 



/5(P2 + 

2pi — a/3 — a/3 — = 0, a/3 — a + a/3 — = 2pi — a, 
/02 P2 

and we obtain from (I10.3P : 

(10.4) <^r(lnP^/) + (1 - e-«^)r^(lnP^/) < d{2p^-a)^_^^LBrl 
+ 



/3 

d{2pi - af 



16P2(1-|)1--""- 

Noting that 2pi - a = - l)p2 + /3k) > 0, and that /3 > 2 imphes a < (fTOlll 

gives in particular the desired lower bound for ^ lnPj/(x) with u = a. 

The upper bound is more dehcate. We fix < = -j^j^j^, and with 7 = 2j3pip2 we now 
choose in (jl0.3p 

2pi/02 — 76"^"^ 76"''-^ 



a = — ^7 r — = 7/ 



/3(;92 + k) /3(/>2 + k) 

Clearly, a > provided that T be sufficiently large. This choice gives 

K 76 K 7c 

2yOi — a/3 — a/3 — = , a/3 — a + a/3 — = 2pi — a . 

P2 P2 P2 P2 

We thus have 

Jo 4 P2 /3 - 1 P2 



7Te' 



Noting that e"^''"")'^ = e ^^"2+'^) 1, and a — > as T ^ 00, we obtain 

7(l-e-"^)e-(^-")^ /3 Te::^, _ 7 H ( ^ 'lpxP2 \ 
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Since by our choice of 7 we have ^ — [^Pi — /slpl+n) ) ^ clear that we have 



provided that T be large enough. We also have 



16 ^ ^ P2 ' 

P2 P2 P - 1 P2 J 

Using our choice of 7 we see that, if we let T — )• 00, the quantity between curly bracket in the 
right-hand side converges to 



f3-2 V /?(/'2 + n) J " /? - 1 /3(/>2 + 

This quantity is strictly positive provided that 

213 (/3 - l)p2 + /?K ^ 1 / (/3-l)p2 + /3K y ^ ^ 



/3 - 1 /3(p2 + /? - 2 V /3(P2 + k) 

and this latter inequality is true, as one recognizes by applying the inequality 2xy < + y^. 

at 



From these considerations and from (jl0.3p we conclude the desired upper bound for Mj In Ptf{x). 



□ 

Proposition 10.3. Let < v < There exist to > and C2 > such that for every 

f G C§°{M), with / > 0, 

g-C.e--d(x,,) < ^ ^C.e--d(.,,)^ X,yeM,t> to. 

Ptfw 

Proof. If we combine (jl0.4p (in which we take a = ly), with the upper bound of Proposition 
110.21 we obtain that for x G M and t >to, 



T{\nPtf){x)<Cie 



2-2vt 



with C2 = ^/d{2pi -v)/2p2{l- 13-^). We infer that the function u{x) = C^^e^Hn Ptf{x), 
which belongs to C°^(M), is such that ||r(n)||oo < 1- From (jl.7p we obtain that 

\u{x) — u{y)\ < d{x,y), x,y £M.. 

This implies the sought for conclusion. 

□ 

If we now fix X E M, and denote by p{x,-,t) the heat kernel with singularity at (x,0), then 
according to Proposition I1U.21 we obtain for t >to, 

dlnp{x, y, t) 



(10.5) 



dt 



< Ci exp {—ut) , 



with < < ^]^p^ . This shows that lnp(-,-,t) converges when t — )• 00. Let us call Inpoo this 
limit. Moreover, from Proposition ll0.3l the limit, \'n.p^[x, •) is a constant C{x). By the symmetry 
property p(x, y, t) = p{y, x, t), so that C{x) actually does not depend on x. We deduce from this 
that the measure fi is finite. We may then as well suppose that /i is a probability measure, in 
which = 1. We assume this from now on. 

We now can prove a global and explicit upper bound for the heat kernel p{x, y, t). 
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Proposition 10.4. For x, y G M and t > 0, 

1 

p(x,y,t) < 7 ^. 

■2piP2t \ 2 V^2p2j 

\ — e 3(P2+'«) I 
Proof. We apply ()10.4p with /3 = 3 and obtain 



(10.6) T^r(ln PJ) + (1 - e-"*)r^ (In PJ) < 

+ 



dpf I 2p2 + 3k\ e 



12/92 \ P2 + H 



where a = o/^^^C^ \ . We deduce 



(91nPf/ ^ (ipi2p2 + 3K e" 



-at 



dt - 6 p2 + K 1 - e-"* 
By integrating from t to cxd, we obtain 

-lnp{x,y,t) > - ^ (^1 + ln(l - e""*) 

This gives the desired conclusion. 



□ 



10.2. Diameter bound. In this subsection we conclude the proof of Theorem 1 1 . 1 1 by showing 
that the diam M is bounded. The idea is to show that the operator L satisfies an entropy-energy 
inequality. Such inequalities have been extensively studied by Bakry (see chapters 4 and 5 in 
[5]). To simplify the computations, in what follows we denote by D the number defined in (j6.2p . 
and we set 

2pi/02 
a = — r-. 

3(/C2 + K) 

Proposition 10.5. For f G L^(M) such that f^f'^dp = 1, we have 

[ flnfdp<<^( [ T{f)dfi), 
Jm \Jm J 

where 

^(x) = D I IH —X I In f 1 H —X ] —x In f — -x 

Proof. From Proposition 110.4] for every / G L^(M) we have 

\\Ptf\\oo< ^||/||2. 

(1 - e-°*)^ 

Therefore, from Davies' theorem (Theorem 2.2.3 in |21j). for / G -L^(M) such that J^f'^dp = 1, 
we obtain 

/ f^lnf^dfi<2t [ r(/)(i^ - D In (1 - e""*) , t > 0. 
Jm Jm 
By minimizing over t the right-hand side of the above inequality, we obtain 

.2, .2, 2 / 2x \ ^/2x + aD 
/2 In f^dfi < X In ] +Dln' 



a \2x + aD J \ aD 

where x = J^T{f)diJ,. It is now an easy exercise to recognize that the right-hand side of the 
latter inequality is the same as $(x). 

□ 



56 



FABRICE BAUDOIN AND NICOLA GAROFALO 



With Proposition 110.51 in hands, we can finally complete the proof of Theorem llO.il 
Proposition 10.6. One has 



diam M < 2^/2a/ -vr = iV^n, / f i + ^ ) d. 



a V PiP2 V 2p2, 

Proof. The function $ that appears in the Proposition 110.51 eniovs the following properties: 

• 5>'(x)/x^/^ and are integrable on (0, oo); 

• <1> is concave; 

• \ lo^ ^dx = /+°° ^dx = -2 /+°° V^<^"{x)dx < +00. 

We can therefore apply the beautiful Theorem 5.4 in |5J to deduce that the diameter of M is 
finite and 

+00 



r+oo 

diam M < -2 ^/x^"{x)dx. 
Jo 



Since ^"(x) = — ttt^P-^, a routine calculation shows 

\ ' x{2x+aD) ' 



2 [ ^/^^"(x)dx = -^2^3 J (— + 1^ D. 
Jo VPi V J 



□ 



Remark 10.7. The constant 2\/3vry + d is not sharp. For instance, if M. is a 

Riemannian manifold, we can take d = n = dimiWi), k = 0, and we thus obtain 



diam M < 2V3ttJ — , 

V Pi 

whereas it is known from the classical Bonnet-Myer's theorem that 



n — 1 

diam M< tta 

Pi 
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